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Tate–Voloch

Let Cp be the completion of Qp.

In a 1996 paper, Tate and Voloch proved the following result.

Theorem

For any fixed a1, . . . , an ∈ Cp, there is a constant c > 0 such that for any
roots of unity ζ1, . . . , ζn ∈ Cp, either

∑
i aiζi = 0 or |

∑
i aiζi |p > c.

From this theorem is it easy to deduce:

Corollary

Let f ∈ Cp[x1, x
−1
1 , . . . , xn, x

−1
n ] be a Laurent polynomial defining a

hypersurface in Gn
m. There is a c > 0 such that for any roots of unity

ζ1, . . . , ζn, either f (ζ1, . . . , ζn) = 0 or |f (ζ1, . . . , ζn)|p > c.
Consequently, given any closed subvariety X of Gn

m, there is a cX > 0 such
that for any torsion point P ∈ Gn

m, either P ∈ X or d(P,X ) > cX .
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Tate–Voloch

Tate and Voloch proposed the following generalization of their conjecture
to semiabelian varieties.

Conjecture

Let G be a semiabelian variety over Cp, and let X be a closed subvariety
of G (also defined over Cp). There is an ϵ > 0 such that any
P ∈ G (Cp)tors satisfies d(P,X ) > ϵ or P ∈ X.

This is a refinement of the discreteness of torsion.
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Tate–Voloch: discreteness of torsion

Discreteness of torsion is itself a key foundational case, as the proofs of
T-V ultimately induct on the dimension in such a way as to reduce to this.

Discreteness of torsion may be argued via formal logarithms on a
neighborhood of 0, but this is also very explicit/familiar in Gm and for
elliptic curves (Nagell-Lutz).

E.g., Distance of roots of unity to 1 in Gm over Cp:

When ζn = 1 for n ≥ 2 and (n, p) = 1, we have |ζ − 1|p = 1, and when
ζ is a primitive pk -th root of unity,

|ζ − 1|p = p−1/(pk−pk−1).
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Defining p-adic convergence

For K a p-adic field, can define the p-adic distance via a cover of affines,
and define convergence as distance → 0.

Alternatively, can use ultrafields. Let ω be a non-principal ultrafilter, and
let Iω be the ideal of the ring R of sequences in K defined by

(ai )i∈N ∈ Iω ⇐⇒ ∀n ∈ N, {i : |ai |p ≤ p−n} ∈ ω.

Iω is maximal in R, and we write D = Dω for the residue field.

{Pn}∞n=1 ⊆ G (K ) −→ P∗ ∈ G (D)

d(Pn,X ) → 0 =⇒ P∗ ∈ X (D)
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Partial proofs of Tate–Voloch

Tate and Voloch (1996) proved this in the case G = Gk
m

Scanlon (1999) proved this when G is defined over Qp, using
model-theoretic techniques.

Corpet (2013) proved T-V using Galois theory and ultrafields, for the
case when both G and X are defined over Qp.

Scanlon’s and Corpet’s approaches have a lot of philosophical overlap
with Hrushovski’s proof of Manin–Mumford: they embed the
Diophantine question into a setting with richer logic or symmetry
(e.g., difference fields or ultraproducts), where rigidity forces the
arithmetic conclusion.
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Illlustration of proof idea via difference equations

A first lemma: T-V holds when X is special.

Proof: Write X = a+ B where a ∈ Gtors and B = semiabelian subvar.

Suppose {Pn}∞n=1 ⊆ Gtors converges p-adically to X as n → ∞.

Form the projection to the quotient π : G → G/B, noting that π(a) and
the π(Pn) are torsion.

(Pn) → X =⇒ (π(Pn)) → π(a)

But discreteness of torsion in G/B then implies that π(Pn) = π(a) for all
sufficiently large n, so

Pn − a ∈ B ∀n ≫ 0

and
Pn ∈ X ∀n ≫ 0.
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Illlustration of proof idea via difference equations

Let G = Gk
m, viewed as defined over Qp, and let X ⊆ G be a closed

subvariety. Let’s assume X is defined over Qp.

Suppose {Pn}∞n=1 is a sequence of torsion points of G (Qp) tending to X .

Proof sketch:

1 Produce a difference equation F (σ) = 0 satisfied by all torsion points
of G , where none of the roots of F are roots of unity.

2 From X and the assumption (Pn) → X , produce a special subvariety
Z of Gd , where d = deg(F ).

3 {Pn}∞n=1 yields a sequence {Pn,σ}∞n=1 tending to Z , to which we apply
T-V for special subvarieties.
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Step 1: difference equation annihilating torsion

In general, for F = adT
d + · · ·+ a0 ∈ Z[T ] and σ ∈ Gal(Qp/Qp), we write

F (σ)(P) = adσ
d(P) + · · ·+ a1σ(P) + a0,

where aiσ
i (P) = σi (P) + · · ·+ σi (P)︸ ︷︷ ︸

ai times

for + the group law.

Let ℓ ̸= p be prime, and let σ ∈ Gal(Qp/Qp) be such that

σ(ζ) = ζℓ ∀ζ ∈ µp∞

σ(ζ) = ζp ∀ζ ∈ µ(p′)∞

Then
(T − ℓ)(σ)(ζ) = σ(ζ) · (ζ−ℓ) = ζℓζ−ℓ = eG

for all p-power roots of unity ζ, and

(T − p)(σ)(ζ) = σ(ζ) · (ζ−p) = ζpζ−p = eG

for all prime-to-p roots of unity ζ.
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Step 2: produce a special subvariety Z of G d , where
d = deg(F ) = 2

Let

M =

(
0 1

−ℓp ℓ+ p

)
be the companion matrix of F . This defines an isogeny of G 2.

For P ∈ G (Qp), write

Pσ = (P, σ(P)) ∈ G 2.

Recall we suppose we have a sequence {Pn}∞n=1 of torsion points in
G (Qp) converging to X .

From F (σ(Pn)) = 0, we obtain

σ(Pn,σ) = (σ(Pn), σ
2(Pn)) = M(Pn,σ).
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Step 2: produce a special subvariety Z of G d , where
d = deg(F ) = 2

As X is defined over Qp, hence is Galois-stable, this gives

σr (Pn,σ) = M r (Pn,σ) → X 2 ∀r ,

and thus
Pn,σ → M∗,r (X 2) ∀r .

Since the sequence {Pn,σ} defines an ultrafield-valued point of G 2 lying in
M∗,r (X 2) for each r , the intersection

Y =
⋂
r≥0

M∗,r (X 2)

is nonempty.
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Since the sequence {Pn,σ} defines an ultrafield-valued point of M−r (X 2)
for each r , the intersection

Y =
⋂
r≥0

M−r (X 2)

is nonempty.
And clearly

Y ⊇ M(Y ) ⊇ M2(Y ) ⊇ . . . . . . ;

this chain must stabilize by noetherianness.

Hence

Z :=
⋂
m≥0

Mm(Y )

is nonempty, closed, and satisfies

M(Z ) = Z .
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We have constructed

Z =
⋂
m≥0

Mm

⋂
r≥0

M−r (X 2)


with

M(Z ) = Z .

There is a positive integer s such that Ms stabilizes each of the irreducible
components of Z , and an irreducible component Z ′ of Z and a
subsequence {Pnj ,σ} of {Pn,σ} such that {Pnj ,σ} converges to Z ′.

As none of the roots of F are roots of unity, so that Ms is not acting as an
automorphism of finite order on Z ′, we conclude that Z ′ is a special
subvariety of G 2.
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Step 3: conclude T-V for X

By T-V for special subvarieties, we conclude that

Pnj ,σ ∈ Z ′

for all sufficiently large j .

Projecting to the first coordinate of G 2, we get Pnj ∈ X for all j ≫ 0.



Step 3: conclude T-V for X

By T-V for special subvarieties, we conclude that

Pnj ,σ ∈ Z ′

for all sufficiently large j .

Projecting to the first coordinate of G 2, we get Pnj ∈ X for all j ≫ 0.



Remarks

Mixed characteristic is easier to handle than non-mixed (can use
Frobenii and also avoid separability issues in Galois extensions)

prime-to-p torsion is easier to handle than p-primary torsion

In general one doesn’t find difference equations killing the torsion
points themselves, but rather, difference equations killing
ultrafield-valued points P∗ of X arising from sequences of torsion
points.



Application: logarithmic equidistribution of torsion points

Let:

A be an abelian variety over Kv (non-archimedean valued field)

D be an ample effective divisor on A

λD,v the normalized local canonical height for D

(xn) a generic sequence of torsion points of A(K ) not contained in
|D|.

If T-V holds for subvarieties of A/Kv (in particular wrt D), then

lim
n→∞

1

#Gal(Kv/Kv ) · xn

∑
y∈Gal(Kv/Kv )·xn

λD,v (y) =

∫
λD,v (y)dµv = 0.
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Ih’s Conjecture

Logarithmic equidistribution plays a significant role in proving “Ih’s
Conjecture” in various settings.

Conjecture

Let:

K be a number field

A an abelian variety over K

D a non-zero effective divisor on AK , such that at least one
component is non-special

S ⊇ S∞ a finite set of places of K

A a model of A over OK

D=closure of D in A
Then the set of torsion points of A(K ) that are S-integral with respect to
D is not Zariski-dense in A.
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Ih’s Conjecture: remarks

There are other versions/analogues of this conjecture, notably with A
replaced by PN .

Ih’s conjecture is a theorem for elliptic curves (Baker–Ih–Rumely ’07).

There are “parameter-space” versions of Ih’s conjecture in dimension
1 (cf. work by Benedetto–Ih).
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Ih’s conjecture: proof sketch for A = E = elliptic curve

Suppose WLOG that D = (α) for α ∈ E (K ) non-torsion, that S contains
all places of bad reduction, and that {ξn}∞n=1 is a non-repeating sequence
of torsion points of E (K ) that are S-integral relative to α.
For L the Galois closure of K (ξn)/K , write

where the second line follows from integrality of the ξn with respect to α
at all v /∈ S .
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We claim that

lim
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∑
σ:K(ξn)/K ↪→Kv

λv (α− σ(ξn)) = 0

for all v ∈ S , so that ĥ(α) = 0, contradicting the fact that α is
non-torsion.
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Indeed, T-V gives logarithmic equidistribution at any non-archimedean v ,
so that

lim
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∑
σ:K(ξn)/K ↪→Kv

λv (α− σ(ξn)) =

∫
λv (α− z)dµv (z) = 0

for µv the canonical measure at v .

OTOH, the diophantine approximation theorem of David–Hirata-Kohno
proves logarithmic equidistribution at archimedean places.
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Remarks

Baker–Ih–Rumely did not actually invoke Tate–Voloch, but rather
Cassels/Lutz–Nagell. One picks two points ξn1 , ξn2 close to α and
then applies this theorem to ξn1 − ξn2 .

There is no known higher-dimensional analogue of the
David–Hirata-Kohno theorem. This is the primary obstacle in
adapting the proof to higher dimensions.

A hidden fact used in this proof is that ĥ =
∑

v∈MK
λv for λv

“normalized” local heights, i.e., local heights that average to 0 when
integrated against µv . This does not hold in general when
dim(A) > 1.

Work in progress (with R. de Jong and F. Shokrieh): adapt this
argument to abelian varieties over global function fields. Proof rests
on adaptation of Corpet’s proof of T-V to completions of global
function fields.
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