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Calculemus!

If | have seen farther than others, it is because | have stood on the shoulders of giants;
You, my dear Hooke, have not.
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Leibniz's Dream: reducing mathematics to mere computation

Leibniz visited the Royal Society in 1673 where he demonstrated a calculating machine
that he had designed and had been building since 1670. The machine was able to
execute all four basic operations (adding, subtracting, multiplying, and dividing), and
the Royal Society promptly elected him as external member.

But in fact, Leibniz's boyhood “wonderful idea” went much further: to devise
an alphabet representing all fundamental concepts.

Each symbol would represent some definite idea in a natural and appropriate way. His
calculus ratiocinator (algebra of symbolic logic) would then bring under mathematical
laws human reasoning, “which is the most excellent and useful thing we have".

““In large language models (LLMs), a token is a chunk of text used as
a basic unit for processing -- typically a word, subword, or even
character, depending on the language and tokenizer. The model reads
and generates text in terms of these tokens, not full words or
sentences, enabling it to handle diverse languages and structures
efficiently.’’
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Hilbert's Program and the Entscheidungsproblem

Wir miissen wissen. Wir werden wissen.



Fast forward about a hundred years. . .

69
MY GOAL IS TO SOLVE
INTELLIGENCE AND THEN USE

THAT TO SOLVE EVERYTHING ELSE

- Demis Hossabis
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Theorem (Euclid, c. 300 BC)
Let P denote the set of prime numbers. Then the following holds:
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Let P denote the set of prime numbers. Then the following holds:

Vx 3y (y > x A P(y))

. O
cFP O==0
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The Monadic Second-Order Logic of Order

The syntax of MSO(N; <)
pu=x<y|PX) |1 Ap2|p1Vea|~@|Vxp|Ixe | VP | TPy

Examples:
o y=x+1liffx<yAVz(x<z=(y<zVy=2)
@ @ is the set of integers congruent to 1 mod 4 iff

—“Q(0) A Q(1) A=Q(2) A =Q(B) AVX (Q(x) & Q(x +4)) ()

Theorem (Dirichlet, 1837)

Let PRIMES denote the set of prime numbers. Then
Vx3y (y > x A PRIMES(y) A3Q . ((x) A Q(y))) -

@ Above formula is an example of a sentence in the MSO theory of (N; <, PRIMES)
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Question (Blichi and Landweber, 1969)

Is the MSO theory of (N; <, PRIMES) decidable?

Theorem (Bateman, Jockusch, and Woods, 1993)
Yes, assuming Schinzel’s Hypothesis H.
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A glimpse of the Hilbert Landscape

Are there finitely many m and n such that Solution requires
Baker's theorem on
2™ — 37 <1007 linear forms in
logarithms!

If so, enumerate them.

Are there infinitely many m and n such that
3!7 < 2m < 2m+1 < 3n+1 < 2m+2 < 2m+3 < 3n+2

and
2"=3"=1 (mod 13)7

Are there finitely many n such that the number of perfect squares between 2" and 271
is even, and the number of perfect squares between 27! and 272 is divisible by 37?
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Theorem (Elgot and Rabin, 1966)
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Theorem (Biichi, 1962)
The MSO theory of (N; <) is decidable.

The genesis of the grand love affair
between logic and automatal!

Theorem (Elgot and Rabin, 1966)
The MSO theory of each of the
following structures is decidable:

o (N;<,2W)
o (N; <,3N)
o (N; <, 4N)

v

... much subsequent work over the ensuing decades But can these predicates
(Landweber, Semenov, Thomas, Rabinovich, Carton, ...) ERels et o1l = ka4
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Theorem (Berthé et al., 2024)

The MSO theory of the following structures is decidable:
o (N; <, 2N 3N
o (N;<,a, pY)

o (N;<, al, ..., akN> assuming Schanuel’'s Conjecture

We are planning to implement this algorithm!

dynamical
systems
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There are 26 pairs in total;

|2 —3" <1007 the last one is (m =8, n = 5),
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If so, enumerate them.

Are there infinitely many m and n such that
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Back to the Elgot-Rabin paper ...

Theorem (Elgot and Rabin, 1966)
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Back to the Elgot-Rabin paper ...

Theorem (Elgot and Rabin, 1966)

The MSO theory of each of the
following structures is decidable:

o (N; <,2V)
o (N; <,3Y)

(N; <, SQUARES) Which predicates can one combine?

(N; <, CUBES)

(N; <, FIB)
(N; <, FACT)




Are there finitely many m and n such that
There are 26 pairs in total;
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Are there infinitely many m and n such that
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and 31128 has 539 digits!

2"=3"=1 (mod 13)7

Are there finitely many n such that the number of perfect squares between 2" and 271
is even, and the number of perfect squares between 27! and 272 is divisible by 37?
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The MSO theory of the following structures is decidable:
o (N; <,2N SQUARES) assuming \/2 is disjunctive in binary
o (N; <,4 SQUARES) (unconditionally)
o (N; <, b FIB) (unconditionally)
® ... (seepaper!)




Are there finitely many m and n such that There are 26 pairs in total;

|27 —3" <1007 the last one is (m = 8,n = 5),
If so, enumerate them. with |28 — 3| =13
Are there infinitely many m and n such that Yes, there are infinitely many.
37 < 2M < 2mtl < 3+l L omt+2 o omt3 o 32 The first pair is
and (m = 1788, n = 1128);
2m=3"=1 (mod 13)? 31128 has 539 digits!

Are there finitely many n such that the number of perfect squares between 27 and 27!
is even, and the number of perfect squares between 27! and 272 is divisible by 37?




Are there finitely many m and n such that There are 26 pairs in total;

|2 — 3" <1007 the last one is (m = 8,n = 5),
If so, enumerate them. with |28 — 3| =13
Are there infinitely many m and n such that Yes, there are infinitely many.
37 < 2M < 2mtl < 3+l L omt+2 o omt3 o 32 The first pair is
and (m = 1788, n = 1128);
2m=3"=1 (mod 13)? 31128 has 539 digits!

Are there finitely many n such that the number of perfect squares between 2" and 271
is even, and the number of perfect squares between 27! and 272 is divisible by 37?

This is open! However:
o If \/2 is disjunctive in binary, then there are infinitely many such n;

o If certain specific strings only occur finitely often in the binary expansion of /2,
then there are only finitely many such n




Fragments of Hilbert's Program: More open problems

Open Problems

Is the MSO theory of the
following structures decidable?

o (N; <, SQUARES, CUBES)
(N; <, SQUARES, FACT)
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(N; <, 2N, FACT)




Fragments of Hilbert's Program: More open problems

Open Problems

Is the MSO theory of the
following structures decidable?

o (N;<,SQUARES, CUBES)
(N; <, SQUARES, FACT)

(N; <, SQUARES, FIB) nl+1=m?
(N; <, 2N, FACT)

The Brocard-Ramanujan Problem:
Find all integers m and n such that
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e Aka linear arithmetic: the first-order theory of the structure (N; 0,1, <, +)

@ Shown decidable in 1929 by Presburger, a student of Tarski, with the explicit aims
of advancing both Hilbert's Program and the Entscheidungsproblem

@ Presburger's decision procedure was through quantifier elimination

Easy alternative proof of decidability of Presburger Arithmetic via the embedding:
FO(N;0,1, <,+) — MSO(N; <)

@ ldea: given a natural number x = bgb; ... by encoded in reverse in binary
(from least significant to most significant bit), represent x as a finite set
P.={jeN:b =1}

@ Perform addition using the primary-school technique, with the help of an auxiliary
existentially quantified “carry” predicate, etc.

For free: FO(N;0,1, <, +,2%) < MSO(N; <) <> FO(N; 0,1, <, +,3Y)
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Theorem (Hieronymi and Schulz, 2022)
No.

Theorem (Karimov, Luca, Nieuwveld, O., Worrell, 2025)

For any a, b € N, the existential fragment of the
FO theory of (N;0,1, <,+,a", bY) is decidable.
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@ At the very least, would imply effective lower bounds on sums of S-units
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Suppose that (s1,s,...,Spm) is an increasing sequence of consecutive perfect squares.
Then forall 1< n< M -2,

Snt2 — 2Sp41 + Sp =2 (*)

Biichi's Problem (mid-1970s)

Does there exist M € N such that, whenever (uy, ua, ..., up) is a sequence of perfect
squares satisfying (%), then it must necessarily be a sequence of consecutive squares?
Biichi’s Conjecture is that such an M exists.

There are infinitely many counterexamples with M = 4.
Biichi in fact conjectured that M = 5 would suffice.

Theorem (Biichi, mid-1970s)

Biichi’s Conjecture implies that the existential fragment of the FO theory of
(N;0,1, <, 4+, SQUARES) is undecidable.
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Theorem (Vojta, 1999)

The Bombieri-Lang Conjecture implies that Blichi's Conjecture is true.
Specifically, with M = 8 there could only be at most finitely many counterexamples.

Theorem (Stanley Yao Xiao, December 2024)

Biichi's Conjecture is true with M =5/
As a consequence, the existential fragment of the FO theory of
(N;0,1, <, 4+, SQUARES) is undecidable.

Open Problem

Is the two-variable existential fragment of (N; 0,1, <,+, —, SQUARES) decidable?
i.e., is there an algorithm to decide whether a given formula 3x,y . p(x,y) is true?

@ Note that this fragment is strong enough to express Biichi's Conjecture!



Hilbert's legacy continues to be a rich source of inspiration!

Thriving research endeavour at the confluence of computer science and mathematics

symbolic
dynamics

logic &
algorithms




