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Algebraic and tr

> Definition: A power series f in Q[[t]] is called algebraic if it is a root of some
algebraic equation P(t, f(t)) = 0, where P € Q[x,y] \ {0}.

Otherwise, f is called transcendental.

> Examples:
© polynomials in Q[¢]
© rational functions R in Q(#) with no pole at t =0
© all powers R* for « € Q and R(0) =1
© sums and products of algebraic power series are algebraic
© the GF )~ C;,t" of Dyck walks in NG

2,
Cn = r%'rl(nn)

0 2% 2n

> Def extends to Laurent series f € Q((t)) and Puiseux series f € Q((t/*))

T v the slgebraic ntis of D-irite power seris



> Definition: A power series f in Q[[t]] is called D-finite (differentially finite) if
it is a solution of some LDE (i.e., linear ODE)

er()fO (D) + - +ao()f(1) =0
for some ¢; € Q(t), with ¢, nonzero. (r is called the order of this LDE.)
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> Definition: A power series f in Q[[t]] is called D-finite (differentially finite) if
it is a solution of some LDE (i.e., linear ODE)
er(fO (1) + -+ eo(t)f(1) =0

for some ¢; € Q(t), with ¢, nonzero. (r is called the order of this LDE.)

> Examples:
© exp(t) ==Y, >0 t"/n!, solution of f'(t) = f(t)
© log(1—1t) = —Y 51 t"/n, solution of (t —1)f"(t)+ f'(t) =0
© \/R(t) for R € Q(t), solution of f'(t)/f(t) = &R'(t)/R(t)
© any algebraic power series is D-finite (“Abel’s theorem”)
© arctan(t), solution of (t> + 1) f”(t) + 2tf'(t) = 0, but not tan(t)
© sums and products of D-finite are D-finite
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D-finite power seri

> Definition: A power series f in Q[[t]] is called D-finite (differentially finite) if
it is a solution of some LDE (i.e., linear ODE)

() fD () + -+ (D f () =0

for some ¢; € Q(t), with ¢, nonzero. (r is called the order of this LDE.)

> Examples:
© exp(t) =Y~ t"/n!, solution of f'(t) = f(t)
© log(1—1t) = —Y,>1 t"/n, solution of (t —1)f"(t) + f'(t) =0
© Y/R(t) for R € Q(t), solution of f'(t)/f(t) = §R'(t)/R(t)
© any algebraic power series is D-finite (“Abel’s theorem”)
© arctan(t), solution of (> +1)f"(t) +2tf'(t) = 0, but not tan(t)
© sums and products of D-finite are D-finite

> Simple but important property: Y5 ant" is D-finite if and only if (an),>0 is
P-finite (i.e., it satisfies a linear recurrence with coefficients in Q[n]).

T v the slgebraic ntis of D-irite power seris



In contrast with the “hard” theory of arithmetic transcendence, it is
usually “easy” to establish transcendence of functions.

[Flajolet, Sedgewick, 2009]

Goal: Given a D-finite f € Q[[t]], by a linear differential equation and
enough initial terms, determine its algebraicity or transcendence.

& Example: What is the nature of f(t) = 1+ 3t + 182 4+ 105> + - - - such that

£ (14£) (1—2t) (1+4t) (1—88) f(£) + ¢ (576t4 + 2006 — 25212 — 33t + 5) (1)

+4 (288t4 +226 — 11762 — 12t +1) £1(1) +12 (32t3 — 62— 12t — 1) f(t)y=0?
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Main question today: How

In contrast with the “hard” theory of arithmetic transcendence, it is
usually “easy” to establish transcendence of functions.

[Flajolet, Sedgewick, 2009]

Equivalent goal: Given a P-finite sequence of rational numbers (a;),>0 by
a linear recurrence and enough initial terms, determine the algebraicity or
the transcendence of its generating function Y-~ a,t".

> Example: What is the nature of f(t) = Y_,,>0 ant", where (a,),>0 is defined
by ay = 1,u1 = 3,412 = 18,113 =105 and

(1 +4) (1+5) aypa — (n+4) (502 + 430 +96) a3 — 6 (51 +22) (n +4) (14 3) a2
+8(n+2) (5n2+15n+1) yi1 +64(n+3) (n+2) (n+1)a, =0?

> NB: Integrality and algebraicity are related; deciding integrality is harder!
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© Number theory: a first step towards proving the transcendence of a
complex number is proving that some power series is transcendental

® Combinatorics: the nature of generating functions may reveal strong
underlying structures

©® Computer science: are algebraic power series (intrinsically) easier to
manipulate?



Design an algorithm suitable for computer implementations which
decides if a D-finite power series —given by a linear differential
equation with polynomial coefficients and initial conditions—

is algebraic, or not.

[Stanley, 1980]

6/25



Sanleysprodlem

Design an algorithm suitable for computer implementations which
decides if a D-finite power series —given by a linear differential
equation with polynomial coefficients and initial conditions—

is algebraic, or not.

[Stanley, 1980]

Eg.,

is D-finite and can be represented by the second-order LDE
(t=1F+a1) () =0, f(0)=0,f(0) = 1.

> The algorithm should recognize (from this data) that f is transcendental.
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Design an algorithm suitable for computer implementations which
decides if a D-finite power series —given by a linear differential
equation with polynomial coefficients and initial conditions—

is algebraic, or not.

[Stanley, 1980]

E.g.,
T = S N R

fO=—t-5-5"3"5 6
is D-finite and can be represented by the second-order LDE

(=132 +31) () =0, f(0)=0,f(0) = 1.

> The algorithm should recognize (from this data) that f is transcendental.
> The same algorithm should recognize the algebraicity of g such that

((t=1)32+2:) () =0, 3(0) =~1,8'(0) =0.
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Design an algorithm suitable for computer implementations which
decides if a D-finite power series —given by a linear differential
equation with polynomial coefficients and initial conditions—

is algebraic, or not.

[Stanley, 1980]

> Notation: For a D-finite series f, we write MmN for the least-order, monic,
linear differential operator in Q(t)(d;) that cancels f.
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Sanleysprodlem

Design an algorithm suitable for computer implementations which
decides if a D-finite power series —given by a linear differential
equation with polynomial coefficients and initial conditions—

is algebraic, or not.

[Stanley, 1980]

> Notation: For a D-finite series f, we write min for the least-order, monic,
linear differential operator in Q(¢)(9;) that cancels f.

> Caveat: f}m“ is not known a priori; only some multiple .Z of it is given.
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Sanleysprodlem

Design an algorithm suitable for computer implementations which
decides if a D-finite power series —given by a linear differential
equation with polynomial coefficients and initial conditions—

is algebraic, or not.

[Stanley, 1980]

> Notation: For a D-finite series f, we write MmN for the least-order, monic,
linear differential operator in Q(t)(d;) that cancels f.

> Caveat: f}mn is not known a priori; only some multiple .Z of it is given.

> Difficulty: f}mn might not be irreducible. E.g., jm(i{‘i H= (8t + ﬁ) or.

In

6/25
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Z(y(1) = ey (1) + -+ o (Dy(t) =0

(S) Stanley’s problem: Decide if a given solution f of £ (y) = 0 is algebraic
(F) Fuchs’ problem: Decide if all solutions of £ (y) = 0 are algebraic

(L) Liouville’s problem: Decide if £ (y) = 0 has at least one algebraic
solution (# 0)
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Z(y(1) = ey (1) + -+ o (Dy(t) =0

(S) Stanley’s problem: Decide if a given solution f of £ (y) = 0 is algebraic
(F) Fuchs’ problem: Decide if all solutions of £ (y) = 0 are algebraic

(L) Liouville’s problem: Decide if £ (y) = 0 has at least one algebraic
solution (# 0)

> When . is irreducible, problems (S), (F) and (L) are equivalent



Rel

Z(y(1) = ey (1) + -+ o (Dy(t) =0

(S) Stanley’s problem: Decide if a given solution f of £ (y) = 0 is algebraic
(F) Fuchs’ problem: Decide if all solutions of £ (y) = 0 are algebraic

(L) Liouville’s problem: Decide if £ (y) = 0 has at least one algebraic
solution (# 0)

> When . is irreducible, problems (S), (F) and (L) are equivalent

Today: how to solve (S), (F) and (L) for arbitrary .&

7/25
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Starting remarks,
transcendence criteria,
hypergeometric case
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> The minimal polynomial can have arbitrarily large size (degrees) w.r.t. the
size (order/degree) of the differential equation:

solution of N(t —1)f'(t) — f(t) = 0, f(0) = 1 satisfies fN =1 —¢
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Starting re

> The minimal polynomial can have arbitrarily large size (degrees) w.r.t. the
size (order/degree) of the differential equation:

solution of N(t — 1)f'(t) — f(t) = 0, f(0) = 1 satisfies fN =1 —¢

> No characterization for coefficient sequences of algebraic power series
© larger class: D-finite functions <= P-finite sequences

© smaller class: rational functions <= C-finite sequences
Christol’s

© diagonals <= P-finite, almost integer, seq. with geometric growth
conjecture
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Starting remarks o

> The minimal polynomial can have arbitrarily large size (degrees) w.r.t. the
size (order/degree) of the differential equation:

solution of N(t — 1)f'(t) — f(t) = 0, f(0) = 1 satisfies fN =1 —¢

> No characterization for coefficient sequences of algebraic power series
© larger class: D-finite functions <= P-finite sequences
© smaller class: rational functions <= C-finite sequences
Christol’s

© diagonals <= P-finite, almost integer, seq. with geometric growth
conjecture

> Many tools: geometry (Schwarz, Klein), invariant theory (Fuchs, Gordan),
group theory (Jordan, Painlevé), diff. Galois theory (Vessiot, Singer, Hrushovski),
algebraic geometry (Grothendieck, Katz), number theory (Chudnovsky, André)
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If f =Y, a,t" € Q[[t] is algebraic, then
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If f =Y, a,t" € Q[[t] is algebraic, then

© Algebraic properties
e f is D-finite [Abel, 1827]
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If f =Y, a,t" € Q[[t] is algebraic, then

© Algebraic properties
e f is D-finite [Abel, 1827]

© Arithmetic properties

e fis globally bounded: 3C € IN* with a,C" € Z forn > 1 [Heine, 1854]
In particular, denominators of a,,’s have finitely many prime divisors [Eisenstein, 1852]
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If f=13,a,t" € Q[[t]] is algebraic, then

© Algebraic properties
o f is D-finite [Abel, 1827]

© Arithmetic properties

e fis globally bounded: 3C € N* with a,C" € Z forn > 1 [Heine, 1854]
In particular, denominators of a,,’s have finitely many prime divisors [Eisenstein, 1852]

© Analytic properties*)
o (a,), has “nice” asymptotics [Puiseux, 1850; Darboux, 1878; Flajolet, 1987]
Typically, a, ~ xp" n* witha € Q\ Z.gandp € Qandx- I'(a+1) €Q
——

= o7 tetdt

) =t is usually ‘easy’ to establish transcendence of functions, by exhibiting a local
expansion that contradicts the Newton—Puiseux Theorem" [Flajolet, Sedgewick, 2009]
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For f =Y, a,t" € Q[[t]], if one of the following holds

1

©® f is not D-finite ant” =11-— T

n>1

14+t4202 43134514 4+715 411104

1

© f has infinitely many primes in the denominators Y it
n>1
n+k\2
® (a5)n has incompatible asymptotics ) Z < ) < > ¢ (1)
n>0k=0
1-+5t-+73t2+1445¢3 43300144+
then f is transcendental
) g, ~ % [Cohen, 1978] and r(;;/éz) = —% ¢ Q [von Lindemann, 1882]

10 /25
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For f =Y, a,t" € Q[[t]], if one of the following holds

1

© f is not D-finite ant" = H -

n>1

14+t4202 43134514+ 715+ 1104

N . . . 1
© f has infinitely many primes in the denominators Z Zt"
n>1
n+k\?
© (a4)n has incompatible asymptotics ) Z ( > < > ¢ (1)
n>0k=0
1-+5t-+73t2+1445t3 4330014+ -+
then f is transcendental
> None of these transcendence criteria is an equivalence!
() g, ~ LYV22 7 [Cohen, 1978] and "1 — 2 ¢ @ [von Lindemann, 1882]

10 /25
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f(t) = Lagant" € Q[[]] is

> algebraic if P(t, f(t)) = 0 for some P(x,y) € Z[x,y] \ {0}

b D-finite if ¢, (£) fU)(£) 4 - - -+ co(£) f(t) = 0 for some ¢; € Z][t], not all zero
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f(t) = Tgant" € Q[[f]] is

> algebraic if P(t, f(t)) = 0 for some P(x,y) € Z[x,y] \ {0}
o D-finite if ¢, (£) fU)(£) + - - - + co(t) f(£) = 0 for some ¢; € Z][t], not all zero

> hypergeometric if =1 € Q(n). E.g., In(1—t); Mi\l}iﬁl; (1-1%acQ

n
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f(t) =T gant" € Q[[t]] is

> algebraic if P(t, f(t)) = 0 for some P(x,y) € Z[x,y] \ {0}

b D-finite if ¢, (£) fU)(£) + - - -+ co(£) f(£) = 0 for some ¢; € Z][t], not all zero

o if Dl aB|\ _ v @ulBl _H
> hypergeometric if =7 € Q(n). E.g., 21—"1( y ‘t) n;] e O g(5+é)
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f(t) = Enigant™ € Q[[t]] is

> algebraic if P(t, f(t)) = 0 for some P(x,y) € Z[x,y] \ {0}
o D-finite if ¢, (£) fU)(£) + - -+ co(£) f(£) = 0 for some ¢; € Z][t], not all zero

> hypergeometric if % € Q(n). E.g., ,F, (gi :..

3 7%7) ¢
) E (ﬁq)n n!

n=0
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e e

f(t) = Cioant" € Q[[t]] is
> algebraic if P(t, f(t)) = 0 for some P(x,y) € Z[x,y] \ {0}

b D-finite if ¢, (£) fU)(£) + - -+ co(£) f(£) = 0 for some ¢; € Z][t], not all zero

> hypergeometric if “2-t € Q(n). E.g., ,F, <a1 ) 27&;;: ;”'

B1

Theorem [Schwarz 1873; Landau 1904, 1911; Stridsberg 1911; Errera 1913; Katz 1972;
Christol 1986; Beukers, Heckman 1989; Katz 1990; Fiirnsinn, Yurkevich 2024 |

Full characterization of { hypergeom } N { algebraic } +  algorithm (!)
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New results,
examples
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Main new results

© A decidability result: two theoretical /impractical algorithms for finding
the algebraic or transcendental nature of D-finite power series in Q[[#]]

© An incomplete but practical transcendence test D-finite series in Q[[t]]:

© always correct when it returns “transcendental”
© may fail when it returns “algebraic”

© always correct on differential equations with additional arithmetic
properties (modulo a conjecture by Christol and André), e.g. if input
encodes the diagonal of a multivariate rational function

© An efficient implementation istranscendental in gfun (Maple)

> Open: design transcendence tests that are both complete and efficient

T v the slgebraic ntis of D-irite power seris


https://perso.ens-lyon.fr/bruno.salvy/software/the-gfun-package/

Three

(A) Apéry’s power series [Apéry, 1978] (used in his proof of {(3) ¢ Q)

k
ZZ( ) <"+ ) P =1+5¢+738 + 1445 + 33001 £ +
n k=0

(B) GF of trident walks in the quarter plane

Yoant" =14+2t+762+238 48411+ 3016 + 112765 + - -,

n

where a, = # { } " — walks of length # in NG starting at (0, O)}

(C) GF of a quadrant model with repeated steps

Yoant" =1+t +42 +815+3911 4985 +5201° + - -,

n

where a, = # {% — walks of length n in IN? from (0,0) to (*,O)}

13/25
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Three exa

(A) Apéry’s power series [Apéry, 1978] (used in his proof of {(3) ¢ Q)

22( ) (”“‘) (" =1450+732 + 144513 + 33001 ¢ +
n k=0

(B) GF of trident walks in the quarter plane

Yoant" =1+42¢+76 4236 84 +301£ 41127 + -+,

n

where a, = # { i -— walks of length 1 in IN? starting at (0, 0)}

(C) GF of a quadrant model with repeated steps
Ylant" =1+t+42+88 +3911 + 98+ +5204° + - -+,

n

where a,, = # {%Z; — walks of length 7 in IN? from (0,0) to (*,0)}

Question: What is the nature of these three power series? )

13 /25
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Three exa

(A) Apéry’s power series [Apéry, 1978] (used in his proof of {(3) ¢ Q)

22( ) (”“‘) (" =1450+732 + 144513 + 33001 ¢ +
n k=0

(B) GF of trident walks in the quarter plane

Yoant" =1+42¢+76 4236 84 +301£ 41127 + -+,

n

where a, = # { i -— walks of length 1 in IN? starting at (0, 0)}

(C) GF of a quadrant model with repeated steps
Ylant" =1+t+42+88 +3911 + 98+ +5204° + - -+,

n

where a,, = # {%Z; — walks of length 7 in IN? from (0,0) to (*,0)}

Answer: Our implementation proves that they are all transcendental! )
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Some timi

dimd order degree transc.  factor.

(sec.) (sec.)
3 3 5 22 0.9
4 4 10 0.1 0.2
5 6 17 0.6 1.3
6 8 43 42 18.3
7 11 68 24.0 265.
8 14 126 1749  4706.
9 18 169 771.6  >10000
10 22 300 8817.1
1 T T a6, ---de
Gd(t)::ﬁ/o /0 -1 : !
1-t(3) Y cosb;cos 0;
1<i<j<d

> ‘transc’ = time taken by istranscendental to prove transcendence of G4(t)
> ‘factor” = the time taken by factoring code of [Chyzak, Goyer, Mezzarobba 2022]

14 /25
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https://perso.ens-lyon.fr/bruno.salvy/software/the-gfun-package/

If F is a multivariate power series

— . . i e in
F= E Aiy,....in X1 X s
il,---,inZO

its diagonal is the univariate power series

Diag(F) i E ai,,,,,iti.

Diagonals of series in Q(x,y) are algebraic.
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If F is a multivariate power series

_ L
F= Y &, % %,
ilr---rinZU

its diagonal is the univariate power series

Diag(F) d=€f Z lli,mlitl.
i

Diagonals of series in Q(x,y) are algebraic.
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More examples:

Definition A
If F is a multivariate power series
F= ¥ i a,
il Joein >0
its diagonal is the univariate power series i
[4
Di F d_ef i
iag(F) =) ai. it Theorem (ChRustol)1985)
1
Diagonals of power series in Q(xy, ..., xy) are
D-finite.
— 1 . . .
>IfF = (e e then Diag (F) is algebraic

N——
1++3t+112 44753 42114+

>If F= (1_x_y_221) e then  Diag(F)  is transcendental
145612 +639114+--
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Singer’s algorithm
and
Stanley’s problem
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Singer’s algorithm

Problem (F): Decide if all solutions of a given LDE . of order r are algebraic

e Starting point [Jordan, 1878]: If so, then for some solution y of £, u =y’ /y
has alg. degree at most (491’)72 and satisfies a Riccati equation of order r — 1

Algorithm (& irreducible) [Painlevé, 1887], [Boulanger, 1898], [Singer, 1979]
@ Decide if the Riccati equation has an algebraic solution u of degree at
most (49r)" degree bounds + algebraic elimination

@ (Abel’s problem) Given an algebraic u, decide whether y'/y = u has an
algebraic solution y [Risch 1970], [Baldassarri & Dwork 1979]

T v the s1gebraic ntisoof D-irite power seris



Singer’s algorithm

Problem (F): Decide if all solutions of a given LDE . of order r are algebraic

e Starting point [Jordan, 1878]: If so, then for some solution y of £, u =y’ /y
has alg. degree at most (491’)72 and satisfies a Riccati equation of order r — 1

Algorithm (& irreducible) [Painlevé, 1887], [Boulanger, 1898], [Singer, 1979]
@ Decide if the Riccati equation has an algebraic solution u of degree at
most (49r)" degree bounds + algebraic elimination

@ (Abel’s problem) Given an algebraic u, decide whether y'/y = u has an
algebraic solution y [Risch 1970], [Baldassarri & Dwork 1979]

> [Singer, 1979]: generalization to any input . — requires LDE factoring

T v the s1gebraic ntisoof D-irite power seris



Singer’s algorithm

Problem (F): Decide if all solutions of a given LDE . of order r are algebraic

e Starting point [Jordan, 1878]: If so, then for some solution y of £, u =y’ /y
has alg. degree at most (4l9r)r2 and satisfies a Riccati equation of order r — 1

Algorithm (& irreducible) [Painlevé, 1887], [Boulanger, 1898], [Singer, 1979]
@ Decide if the Riccati equation has an algebraic solution u of degree at
most (49r)" degree bounds + algebraic elimination

@ (Abel’s problem) Given an algebraic u, decide whether i/ /y = u has an
algebraic solution y [Risch 1970], [Baldassarri & Dwork 1979]

> [Singer, 1979]: generalization to any input . — requires LDE factoring

> [Singer, 2014; B., Salvy, Singer, 2025]: compute .#218, factor of .# whose
solution space is spanned by alg. solutions of .2 — requires LDE factoring

Alin Bostan (Inria, Sorbonne Université, Paris, France) Deciding the algebraic nature of D-finite power series



Application to Stanley’s

Problem (S): Decide if a D-finite power series f € Q][t]], given by an LDE
Z(f) = 0 and sulfficiently many initial terms, is transcendental.

First algorithm for problem (S) [B., Salvy, Singer, 2025]

® Compute .28
@ Decide if .28 annihilates f

> Benefit: Solves (in theory) problems (S), (F), (L): algebraicity is decidable
> Drawbacks: Step 1 involves impractical bounds & requires LDE factorization

> LDE factorization is decidable
[Fabry, 1885], [Markov, 1891], [van Hoeij, 1997], [van der Hoeven, 2007], ...

> ...but possibly extremely costly: complexity (N£)°("),
with £ = bitsize(.¢) and N = (L2 [Grigoriev, 1990]

T v the s1gebraic ntisoof Dirite power seris



A practical method, based on Minimization

T v the slgebraic ntis of D-irite power seris
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Problem (S): Decide if a D-finite power series f € Q|[t]], given by an LDE
Z(f) = 0 and sulfficiently many initial terms, is transcendental.

Recall: ffmi“ := least-order, monic, in Q(t)(d;), such that f}nin (f)=0

Key property: If f is algebraic, then M := .,Sf;nm has algebraic solutions only.
Proof: M = QM?8, M?8(f) = 0 and minimality imply Q = 1, so M = M?I8.

Corollary: If .,?;“i“ has a log singularity, then f is transcendental.

> Pros and cons: Avoids factorization of £, but requires computing .i”}”i”.

18 /25
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k k

n 2 2
f(t) =) Aut", where A, =) <n> (n +k> , is transcendental.
n

k=0
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k k

n 2 2
f(t) =) Aut", where A, =) <n> <n +k> , is transcendental.
n

k=0

Proof:
@ Creative telescoping: [Zagier, 1979], [Zeilberger, 1990]
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n n 2 n+k 2
f(t) =) Aut", where A, =) <k) ( K ) , is transcendental.
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Proof:
@ Creative telescoping: [Zagier, 1979], [Zeilberger, 1990]

(n+1)P3A1 +13A,_1 = 2n+1)(A7n® +17n+5)A,, Ag=1,A; =5
@ Conversion from recurrence to differential equation .Z(f) = 0, where
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Theorem (Apéry’s power series is transcendental)

n n 2 Tl+k 2
f(t) =) Aut", where A, =) <k) ( K ) , is transcendental.
i k=0

Proof:
@ Creative telescoping: [Zagier, 1979], [Zeilberger, 1990]

(n+1)P3A1 +13A,_1 = 2n+1)(A7n® +17n+5)A,, Ag=1,A; =5
@ Conversion from recurrence to differential equation .Z(f) = 0, where
L = (t* —341% + 12)9} + (61> — 153t% +3)? + (74> — 112t +1)d; +t — 5

@ Minimization: [Adamczewski, Rivoal, 2018], [B., Rivoal, Salvy, 2024]
compute least-order ,Sf}m“ in Q(t)(9;) such that .,Sf;m“ (f)=0

@ Local solutions of .,S,”J{mn [Frobenius, 1873], [Chudnovsky2, 1987]

{1 15t +O(2), In(t) + (5In(t) + 12)¢ + O(£2), In(£)? + (5In(F)? + 24In(t))t + O(#2) }
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Ex. (A): Apéry’s power ser

Theorem (Apéry’s power series is transcendental)

n n 2 Tl+k 2
f(t) =) Aut", where A, =) <k) ( K ) , is transcendental.
i k=0

Proof:
@ Creative telescoping: [Zagier, 1979], [Zeilberger, 1990]

(n+1)P3A1 +13A,_1 = 2n+1)(A7n® +17n+5)A,, Ag=1,A; =5
@ Conversion from recurrence to differential equation .Z(f) = 0, where
L = (t* —341% + 12)9} + (61> — 153t% +3)? + (74> — 112t +1)d; +t — 5

@ Minimization: [Adamczewski, Rivoal, 2018], [B., Rivoal, Salvy, 2024]
compute least-order ,Sf}m“ in Q(t)(9;) such that .,Sf;m“ (f)=0

@ Local solutions of .,S,”J{mn [Frobenius, 1873], [Chudnovskyz, 1987]

{1 15t +O(2), In(t) + (5In(t) + 12)¢ + O(£2), In(£)? + (5In(F)? + 24In(t))t + O(#2) }

® Conclusion: f is transcendental®

i f algebraic would imply a full basis of algebraic solutions for i’}ni“.
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Deciding algebraicity via

Input: A D-finite f(t) € Q[[t]], given by an LDE .#Z(f) = 0 plus initial terms
Output: T if f(#) is transcendental, A if f(t) is algebraic J

> Principle: (S) is reduced to (F) via minimization
Second algorithm for problem (S) [B., Salvy, Singer, 2025]
@ Compute ,?;“i“ [B., Rivoal, Salvy, 2024]

@ Decide if f}“‘h has only algebraic solutions; if so return A, else return T
[Singer, 1979]

> Benefit: Solves (in theory) Stanley’s problem (S): algebraicity is decidable

> Drawback: Step 2 can be very costly in practice
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A practical transcendence test

Input: A D-finite f(t) € Q[[t]], given by an LDE .Z(f) = 0 plus initial terms
Output: T if f(#) is transcendental, A if f(t) is algebraic

Third algorithm for problem (S) [B., Salvy, Singer, 2025]
@ Compute .ZfM" [B., Rivoal, Salvy, 2024]

@ If ,ffmi“ has a logarithmic singularity, return T; otherwise return A

> This algorithm is always correct when it returns T

> Conjecturally, under the additional assumption that f is globally bounded®,
it is also always correct® when it returns A [Christol, 1986], [André, 1997]

> Efficient implementation istranscendental in gfun (Maple)

¢ E.g. if f is given as GF of a binomial sum, or as the diagonal of a rational function

1 5
)

* NB: not true without the global boundedness assumption, e.g. f(t) = 2F (5 7 6
6

Alin Bostan (Inria, Sorbonne Université, Paris, France) Deciding the algebraic nature of D-finite power series


https://perso.ens-lyon.fr/bruno.salvy/software/the-gfun-package/

Ex. (O): a diffic

Theorem [B., Bousquet-Mélou, Kauers, Melczer, 2016]

Leta, =# {% — walks of length 7 in IN? from (0,0) to (x,0) } Then
f) =Y, ant" =1+t +4t>+8t3+39t* + 9815 + - - - is transcendental.
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Ex. (C): a difficult quadrant m

Theorem [B., Bousquet-Mélou, Kauers, Melczer, 2016]

Leta, =# {% — walks of length 7 in IN? from (0,0) to (x,0) } Then
f(t) =Y, ant" =1+t +4t2+8t3+39t* + 9815 + - - - is transcendental.

Proof:
@ Discover and certify a differential equation .# for f(t) of order 11 and
degree 73 high-tech Guess-and-Prove
Q If ord(fj}ni“) < 10, then degt(ffnin) < 580 apparent singularities
@ Rule out this possibility differential Hermite-Padé approximants
@ Thus, Zj}nm =9
@ Z has alog singularity at t = 0, and so f is transcendental 0

> Computer-driven discovery and proof; no human proof yet

T v the slgebraic ntisoof D-irite power seris


https://perso.ens-lyon.fr/bruno.salvy/software/the-gfun-package/

Ex. (O): a difficult quadrant model

Theorem [B., Bousquet-Mélou, Kauers, Melczer, 2016]

Leta, =# {% — walks of length 7 in IN? from (0,0) to (x,0) } Then
f(t) =Y, ant" =1+t +4t2+8t3+39t* + 9815 + - - - is transcendental.

Proof:
@ Discover and certify a differential equation .# for f(t) of order 11 and
degree 73 high-tech Guess-and-Prove
Q If ord(fj}“i“) < 10, then degt(ffnin) < 580 apparent singularities
@ Rule out this possibility differential Hermite-Padé approximants
@ Thus, Zj}nm =9
@ Z has alog singularity at t = 0, and so f is transcendental 0

> Computer-driven discovery and proof; no human proof yet
> All other criteria and algorithms fail or do not terminate
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Ex. (O): a difficult quadrant model with repeated steps

Theorem [B., Bousquet-Mélou, Kauers, Melczer, 2016]

Leta, =# {%4 — walks of length 7 in IN? from (0,0) to (*,O)}. Then
f(t) =Y, ant" =1+t +4t2+8t3+39t* + 9815 + - - - is transcendental.

Proof:
@ Discover and certify a differential equation .Z for f(f) of order 11 and
degree 73 high-tech Guess-and-Prove
@ If ord(pf}“i“) < 10, then degt(ffmin) < 580 apparent singularities
@ Rule out this possibility differential Hermite-Padé approximants
@ Thus, fjfnin =9
® .Z has a log singularity at t = 0, and so f is transcendental g

> Computer-driven discovery and proof; no human proof yet
> All other criteria and algorithms fail or do not terminate
> istranscendental takes about 10 seconds to prove transcendence
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Central sub-task: Minimizati

Problem: Given a D-finite power series f € Q[[t]] by a differential equation
Z(f) = 0 and sulfficiently many initial terms, compute Zn.

> Why isn’t this easy? After all, it is just a differential analogue of:

Given an algebraic power series f € Q[[t]]
by an algebraic equation P(t, f) = 0 and sufficiently many initial terms,
compute its minimal polynomial P}"’”.

> f;"i“ is a (right) factor of .Z, but contrary to the commutative case:

Py g}nin might not be irreducible. E.g., .,?j?(i{‘_t) = (at + %) O

@ factorization of diff. operators is not unique 97 = (3 + 2=) (3 — L2)
© ...and it is difficult to compute

© deg, f}“i“ > deg, ., due to apparent singularities (td; — N) | oN+1

> deg, f;“i“ can be bounded w.r.t. n and local data of .# via Fuchs’ relation

T v the slgebraic ntis of D-irite power seris



e Problems (S), (F), (L) on algebraicity of solutions of LDEs are decidable

In practice, proving transcendence is easier than proving algebraicity (!)

e LDE minimization is a practical alternative for proving transcendence
© — allows to solve difficult problems from applications

© — also useful in other contexts (effective Siegel-Shidlovskii)

e Guess-and-Prove is a powerful method for proving algebraicity
© — robust: adapts to other functional equations

® — main limitation: output size!

Brute-force / naive algorithms — hopeless on “real-life” applications
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Further questions

e How to decide in practice if fwo (or more) D-finite power series are
algebraically (in)dependent?

e How to decide in practice if a bivariate (or multivariate) D-finite power
series is algebraic or transcendental?

o Design effective and efficient versions of (proved cases of) the
Grothendieck-Katz conjecture (e.g., Honda 1974, Chudnovsky? 1985)
— work in progress by Fiirnsinn and Pannier

e How to decide if a P-recursive sequence has (almost) integral terms?
— work in progress by B. and Matveeva

e How to decide in practice if a D-finite power series is algebraic, in very
difficult cases where Guess-and-Prove does not terminate?
— work in progress by B., Weil, Yurkevich
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Thanks for your attention!



