Deformation Theory

Michael Kemeny*

Lecture 3

1 Category theory and families of objects

1.1 Yoneda’s Lemma

Recall that a functor F' is contravariant if an arrow A — B is mapped to an
arrow F(B) — F(A); in other words, if F is an ‘arrow reversing functor’.

Let C be a category. Yoneda’s lemma lets you view an object X € C as the
“same thing” as a contravariant functor

hy : C — (Sets),

where hx is defined by
hx(Y) = home(Y, X).

If f: X — Y is a morphism and U € C an object, we can define a function

hf(U) : hx(U) — hy(U)

| I :
hom(U, X) hom(U,Y)

via pre-composition with f. In fact, h; is a morphism of functors hx — hy.
We may now state the weak version of Yoneda’s lemma.

Lemma 1.1.1 (Yoneda’s Lemma). With X,Y € C the function just defined:
home(X,Y) = hom(hx,hy) : f+— hy
18 bijective.

Exercise. Prove the lemma.

1.2 Representability

Now suppose one wants to study families of some object, such as schemes or line
bundles. One starts by defining an appropriate contravariant functor

F : Schy, — (Sets).

One considers, in a loose sense, F' as parametrizing the objects in the set
A = F(Spec(k)).
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Indeed, for any scheme S the set F'(S) may be regarded as all possible families
over S of objects A. Therefore F' is a machinery telling how the elements in A
can vary.

Now We want to have a notion of what it means for a scheme Z to parametrize
the objects in the set A.

The strongest interpretation of parametrizing F'(Spec(k)) is via the notion
of representability.

Definition 1.2.1. Let Z be a scheme. We say the functor F' is represented by
Z if the functors F and hz are isomorphic.

Important Exercise. Show that F' is represented by Z iff there exists a
universal object £ € F(Z) (necessarily unique) such that for any £’ € F(Y) there
exists a unique morphism fe : Y — Z satistying F'(fe)(§) = §'. This object £ is
often referred to as the universal family over Z.

In the following section we illustrate these concepts by considering families
of line bundles on a fixed scheme.

1.3 Families of line bundles

Let X be a smooth, projective variety over a field k. Let S be a scheme over k.
Denote by Xg the fiber product X Xgpec(r) S and let ms : Xs — S be the second
projection. The set Pic(Xg) is the set of isomorphism classes of line bundles on
Xs.

Note that a line bundle £ on Xg can be regarded as a family of line bundles
on X parametrized by S. Indeed, if x € S is a closed point then the fiber of
Xg — S over x is isomorphic to X and by pulling back £ to this fiber we get a
line bundle on X.

Exercise. Check that if A/ is a line bundle on S then £ ® 7%(N) and L give
the same family of line bundles on X. That is, on each fiber the pullbacks of
these line bundles coincide.

To correct this problem observe that Pic(Xg) is an abelian group and that
the pullback by 7g gives a group morphism Pic(S) — Pic(Xg) so that we may
define a new functor Pic as follows:

Pic : Schy, — (Sets) : S +— Pic(Xg)/ Pic(S).

Still Pic(Spec(k)) is equal to the set of isomorphism classes of line bundles on
X. Moreover, PBic appears to be a better functor in parametrizing line bundles
on X.

If Pic is representable then there exists a scheme T over k, together with a
‘universal’ line bundle £ € Pic(X x T) in the following sense. For any scheme S
over k and line bundle M € Pic(Xg) there exists a unique morphism ¢ : S — T
with (¢ x Idx)*(£) isomorphic to M modulo Pic(S).

Whether some functor of families of geometric objects is representable is in
general a very difficult question to answer. The first step in this direction is
often to restrict the functor to Artin rings.



2 Artin Rings

2.1 DMotivation

In the previous lecture we saw that the deformation theory of associative algebras
is done in a step-by step fashion. To be precise, we started with a differential
Fy € H?(A, A) and we wanted to find a 1-parameter family of deformations of
A of the form:

fi(a,b) = ab+ tFy(a,b) + t*Fy(a,b) + ...

The procedure went like this:

We used F} to produce an appropriate Fs, assuming the associator of F} is
equivalent to 0 in H3(A, A).

When we have Fi,..., F,_1 we produced F,, under a certain condition on
the F)’s (this time [G,,] € H3(A, A) must be 0).

Then by induction we get all the terms. We now want to formalize this
procedure.

2.2 Definition of an Artin ring

Let k be a fixed field. Let A be a commutative algebra over k (with unit). We
say A is Artinian if it satisfies the descending chain condition on ideals, ie. if
any descending sequence of ideals

"'CI4CI3C12C11CA

eventually stabilizes. Stability here means that there is an ng such that for all
n > ng we have I, = I,,,.

Examples. The k-algebra k[t]/(t") is Artinian. An integral domain is Artinian
if and only if it is a field.

Recall that a commutative ring R is local if it has a unique maximal ideal. If
R is a local ring with maximal ideal m, then the field R/m is the residue field.

If A and B are local rings with maximal ideals m4 and mp respectively then
a morphism ¢ : A — B is said to be a local morphism if p(my) C mp.

Notation. Let Art; be the category whose objects are local Artinian k-algebras
with residue field £ and whose arrows are local morphisms.

Given A € Arty, we define r4 : Spec(k) — A to be the map associated to the
quotient A — A/my4 ~ k. Note the isomorphism of the quotient field with the
residue field is canonically induced via the structure map k — A.

For the next few weeks, the main objects of study are (covariant/ordinary)
functors

F: Art, — (Sets)

such that F(k) is a set with a single element.



2.3 Back to line bundles

Let Pic : Schy, — (Sets) be the contravariant functor defined in Section Pick
M € Pic(Spec(k)), ie. M is a line bundle on X.
We define a covariant functor

Picy, : Arty — (Sets)

by
Picr(A) := {N € Pic(Spec(4)) | raN ~ M}

where 74 : X;, — X4 is induced from 74 : Spec(k) — Spec(A) in the obvious
way. Note that Pic,, (k) = {M}. Loosely speaking, Pic,, is the functor of
deformations of the line bundle M.

In a similar fashion, from a contravariant functor F' : Schy — (Sets) and
an object a € F(k) we can define a covariant functor F, : Arty — (Sets) by
restriction.

2.4 Tangent space

Define k[e] := k[z]/(2?) to be the dual numbers. Recall, if X is a variety over

k with a chosen point x € X (that is, € hom(Spec(k), X)), then the Zariski

tangent space of X at « could be identified with the subset of hom(Spec(k[e]), X)

such that the unique point in the spectrum of the dual numbers hits x.
Generalizing this definition we get:

Definition 2.4.1 (Schlessinger). Let F: Art; — (Sets) be a functor such that
F(k) is a one-element set. Then F(k[e]) is called the tangent space of F.

3 Completions of local rings

3.1 Definitions

We will recall the definition of inverse limits. Let {4, },en be a sequence of
groups together with homomorphisms 60,41 : An,+1 — A,. The inverse limit
@An is the group of all sequences {a,, | an € Apn,Ont1(ant1) = an}.

The inverse limit comes with obvious projections:

IO @An — A;.

The pair (@ Ap,{m; | ¢ € N}) is universal amongst such objects. See Section
for a discussion of this notion.

If R is a commutative ring and I C R is a proper ideal, we get a commutative
ring

Ry = lim(R/I").

If R is a local commutative ring with maximal ideal m we set

R := Ry.
For example:

o If R=Fk[z1,...,x,] and I = (z1,...,2,) then Ry = k[[z1,...,x,]] is the
ring of formal power series.



e If R=7 and I = (p) for some prime p € Z then Ry is the ring of p-adic
integers.

More generally, if M is an R-module and I C R is a proper ideal then we
define .
M; :=lim M /I M,

which is a ]A%I—module.
From a ring to its completion there is a natural map taking a € R to
(@ € R/I™)pen. With this in mind we make the following definition.

Definition 3.1.1. Let R be a commutative ring and I C R a proper ideal. We
say R is complete with respect to I if the natural morphism ¢ : R — Ry is an
isomorphism.

Exercise. Let R be a local ring, I C R a proper ideal. Then Ry is complete
with respect to the ideal generated by ¢(I).

Notation. We let Artj, denote the category of complete, noetherian local k-
algebras R such that
R, := R/m%

is in Arty, for all n € N.
Exercise. Show Arty, is a subcategory of Arty,.

Exercise. Let A € Art; with m% = 0 for some n. Pick R € Art;, and show
that hom(R, A) = hom(R,,, A).

Definition 3.1.2. (Main definition of this lecture) A functor F : Arty — (Sets)
is called pro-representable if for some R € Arty the functor F' is isomorphic to
the functor hom(R, ) restricted to Arty.

3.2 Digression on the universal property

It is often said that an object X is universal with respect to a property P. What
this means is that the property P defines a category of objects C and the object
X is either the terminal or the initial object in that category (to be understood
from context). This interpretation makes it obvious that if a universal object
exists (with respect to a property P) then it must be unique up to a unique
isomorphism.

In defining the inverse limit of a sequence of groups let us see how this
interpretation works. Fix {4, },en and the sequence of morphisms 6§ = {6, :
An — An—1}. A careful reading of the universal property of the inverse limit
suggests that we should build the category C whose objects are pairs (B, ¢)
where B is a group and ¢ = {p, : B = A, | n € Nyp,_1 =0, 0¢,} is a
sequence of maps compatible with 6.

We are claiming that Qin A, m) is the terminal object of this category C.
This is left as an exercise.

A nicer interpretation of the inverse limit in this case is via the theory of
sheaves. Consider N with the following topology:

T={0} U{N}U{U, :={0,...,n} | neN}L



Let C' be the subcategory of presheaves of groups on (N,T) consisting of
presheaves F such that F(U,) = A, and F(U,_1 — U,) = 6,. We have
an equivalence of categories v : C' — C defined as follows:

V(F) = (FN),{F(Un = N) [ n € N}).

The terminal object in C’ is the one and only sheaf in C’, and it is the sheafification
of any F in C’.

Exercise. Go to the ‘Important Exercise’ and identify the category of which
the universal property identifies the terminal object.
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We follow closely the following 2 papers:
e Fantechi, Manetti - “Obstruction Calculus for Functors of Artin Rings, I”

e Schlessinger - “Functors of Artin rings”

1 Extensions

Recall that Arty is the category of local Artinian k-algebras with residue field k
and Arty is the category of complete Noetherian local k-algebras such that for
every n € N, R, = R/m7, is in Arty.

Definition 1.1. A small extension in Art, (respectively Arty) is a short exact
sequence
e:0—-+M-—-B—-A—-0

where B — A is in Arty, (resp. in Artk) and mpM = 0. If in addition M is a
principal ideal of B then we say e is principal.

Exercise. Suppose e is a small extension. Show that M is a k-vector space.
Show further that e is principal iff dimg M = 1.

Notation. Let e be a small extension as in Definition Then M, B and A
are referred to as the kernel, source and target. We will also refer to them as
K(e), S(e) and T'(e) respectively.

Let Fvsp denote the category of finite dimensional k-vector spaces. If A €
Art;, and M € Fvsp then we define Ex(A, M) to be the set of isomorphism
classes if extensions e with K(e) = M and T'(e) = A. This set Ex(A, M) carries
a natural k-vector space structure. (This is because extensions are identified
with H?(A, M) where M has the A module structure induced by A — k. This
cohomology group obviously has a k-vector space structure.)

Let f: M — N be a morphism in Fvsp. Then there is a linear map

fv : Ex(A, M) — Ex(A, N)
defined as follows: Let e € Ex(A, M) then we have

0 - M - B - A — 0

!
N
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and we will push forward the first exact sequence into another one as follows.
Set B = B@® N. We make B’ into a ring by defining:

(b1,m1) - (b2,n2) = (b1ba, bing + bany)

where by b; we mean the residue of b; mod mp, which is an element of k.
Then B € Arty, implies B’ € Arty. Let J C B’ be the set

{(m, f(m)) | me M C B}.

It is easy to show that J is an ideal of B.
Let B denote B’/.J. This gives us the pushforward f.(e) as follows:

f«(e):0N—-B—-A-0
which lies in Ex(A, N).
Exercise. Let g : A — B be a morphism in Art,. Show that this induces a
linear map g, : Ex(A, M) — Ex(B, M) satisfying the following identity
f«g" =9"fs
for any f: M — N in Fvsp.

Definition 1.2. A small extension e is called trivial if it splits (or, equivalently,
if it corresponds to 0 € Ex(A, M)).

We will define a morphism between two small extensions, thereby making a
category out of small extensions. Let

for i = 1,2 be two small extensions.
A morphism f:e; — es is given by the data of a commutative diagram:

0 — My —-— Bi — A — 0

+ } e

0 - My — By — Ay — 0

2 Schlessinger’s Conditions

Setup. Throughout the section F : Arty — (Sets) will be a functor such that
F (k) consists of a single element. We will let Fun®(Artg, (Sets)) denote the
category of such functors.

Recall that F' is called pro-representable if there exists a complete local k-
algebra R € Artj, such that F is equivalent to h R|Art, . From now on we will not
mention when hgr has to be restricted to Arty, it is assumed to be understood
from context.

Exercise. With F as in setup, show that for any R € Art, there is a bijection
I'&nF(R/m%) ~ hom(hg, F)

where the hom on the RHS is the morphism of functors on Art,. Note also
that inverse limits of sets are perfectly well defined, as in abelian groups. [Hint:
To construct the bijection notice that if A € Arty then any morphism R — A
factors through R/m’, for some n.|



Definition 2.1. Let R € Art;, and choose ¢ € @F(R/m’é). By the exercise
above ¢ corresponds to a morphism hrp — F. We call such a pair (R,§) a
pro-couple.

If F is pro-representable and (R,¢) is a pro-couple corresponding to the
isomorphism hr — F then we say the pro-couple (R, &) pro-represents F.

Let F — G be a morphism in Fun®(Artg, (Sets)) and let A — B be a
morphism in Arty. We have a commutative diagram:

F(A) — F(B)
{ Lo
G(A) — G(B)

Thus we get, by the universal property of fiber products, a morphism
F(A) = F(B) xg) G(A).

Definition. A morphism F — G in Fun®(Artg, (Sets)) is called smooth if for
any surjective morphism A — B in Arty, the map

F(A) = F(B) xap) G(A)
is surjective.

Proposition 2.2. Let R — S be a morphism in Art,. Then hg — hg is smooth
if and only if there exists an n € N such that

S ~ Rl[z1,...,2]]

Proof. For any A € Arty, the map hg(A) — hr(A) is induced by precomposition
with R — S. Suppose hg — hp is smooth and consider

ts/p = mg/(m% +mgS).

The k-vector space 17 /R is called the Zariski cotangent space of S over R, note
that multiplication by k is induced from the action of S/mg ~ k. The Zariski
cotangent space over the base field k will be refered to as just the Zariski
cotangent space.

Set x1,...,x, € S inducing a basis of t’g/R. And define T = R[[X1,..., X,]];
we are going to show that S ~ T.

There is a morphism of local R algebras

U15—>T/(m§~+mRT)J}Z}—)YZ

To show that this morphism is well defined, observe that S/(m% + mgS) ~
k& mg/(m% + mgS) = t5/r- So we may define an isomorphism between the
two vector spaces tg /R and 7, /R by mapping the basis z; to X;. Adding on the
vector space k to both sides and composing with the quotient map from S gives
us uq.

Now we apply smoothness of hg — hg to the surjection 7/m% — T'/(m% +
mRT).

Let g denote the corresponding sujective morphism:

hom(S, T/m%) — hom(S, T/(m7 + MrT) Xpom(r,/m2+mpr) DOm(R, T/m7).



There is a natural morphism R N /mZ., simply as the inclusion of the coefficient
ring. Via the smoothness hypothesis there exists a map

uy 2 S — T/m3

such that g(us) = (u1,1). In particular, us lifts us.
By repeating this argument we may find

u;;S—)T‘/Wl%1

lifting ws. Continuing in this manner and using the universal property of the
inverse limit we get:
u:S—>T:£iLn(T/mTTL).

By definition of w;, the morphism u induces an isomorphism # /R i /R

We wish to show that the induced map on the Zariski cotangent spaces,
ie. the morphism mg/m% — my/m%, is surjective. To that end note the exact
sequence:

0 — mpT/(mZNmgT) — wmp/mi — tryg = 0

T T T

0 — mpS/(minmgs) — mg/my — t5, — 0

The rightmost vertical arrow is a surjection, therefore if we show that the leftmost
vertical arrow is also a surjection it will follow that the middle arrow too is a
surjection.

Notice that mp/m% — mgrT/(m% NmpgT) is an isomorphism. Since the map
u: S — T is such that the inclusion R — T factors through as R — S = T, the
isomorphism above factors through as:

mp/m% — mrS/(m% NmgS) — meT/(m% NmzT).

This implies that the leftmost vertical arrow has to be surjective.
If Ais a ring and a C A is an ideal then we define the graded ring of A with
respect to a as

G(A) = é a™/antt,
n=0

Since the map between the cotangent spaces of S and 7T is surjective, we get a
surjective map G(S) — G(T') = T. Applying Lemma 10.23 of Atiyah-MacDonald
(page 112) we conclude u : S — T is surjective.

Construct

v:T=R[[X1,....,Xpn]] > S

by picking y; € u=1(X;) for each i and setting v(X;) = y;. (To show that such
a map can be defined you may start with the polynomial ring over R and use
the universal property of the localization at the origin followed by the universal
property of completions.)

Since u o v = Idy, the morphism v must be injective. Notice also that v is
local, R-linear and that it induces an isomorphism between the cotangent spaces.
Using the graded rings again we may conclude that v is surjective. Hence, v is
an isomorphism. O



Exercise. We established the “only if” part of the proof. The converse is easy
and is left as an exercise.

Definition 2.3. Let (R,&) be a pro-couple for F' € Fun®(Artg, (Sets)) corre-
sponding to a morphism hg — F. Then (R,€) is called a hull of F if the
corresponding map hr — F' is smooth and the induced map

hom(R, k[e]) — F(k[e])
on tangent spaces is bijective.

We now aim to give sufficient conditions for a functor F' € Fun™(Arty, (Sets))
to

i) have a hull
ii) be pro-representable.

To this end we introduce SCHLESSINGER’S CONDITIONS Hy, Ho, H3 and Hy.
Throughout the definitions, f: A — A’ and g : A” — A will be in Arty. Such a
couple induce a map

F(A" x4 A") = F(A") xpay F(A")
which we will denote by f * g.

Property H;. F is said to satisfy property H; if for any f and any surjective
g : A” — A yielding a principal small extension, the induced map f * g is
surjective.

Property H,. F satisfies H, if we take g : Ale] — A to be the quotient map
and pick any f: A — A’ then the induced map f * g is bijective.

We will show later that if properties H; and H hold then F(k[e]) is canoni-
cally a k-vector space. So we may introduce the next property.

Property Hs. If F satisfies Hy, Hy and if in addition dimy F(k[e]) < oo then
F is said to satisfy Hjs.

Property Hy. If g: A” — A is a principal small extension then for any f the
induced map f x g is bijective.

In the new few weeks we intend to prove the following theorem:

Schlessinger’s Theorem 2.4. Let F' € Fun*(Arty, (Sets)). Then F has a hull
if and only if F satisfies Hi, Hy and Hz. Furthermore, F is pro-representable if
and only if in addition F satisfies Hy.

Next week. We will study the Schlessinger conditions on specific examples
such as the Picard functor.
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1 Recall

Last week we saw Schlessinger conditions Hy, ..., Hy on a functor F' : Arty, —
(Sets) with F'(k) a point.

Schlessinger’s theorem which we will start proving next week says that F is
pro-representable when Hq, ..., H, are satisfied.

The goal of this week is to get a feel for Schlessinger conditions. We are first
going to prove that the Picard functor

Picy, : Arty — (Sets)

satisfies the Schlessinger conditions.

2 Picard Functor

Let X be a scheme over k and M € Pic(X) ~ H'(X,0%). For A € Art), we
have
Picy (A) :={L € Pic(X4) | L®a k= M}.
Recall that X4 := X Xgpec(x) Spec(A4).
For any morphism A — B in Arty the induced morphism Xg — X 4 give a

pullback map
Pic(X4) — Pic(Xp).

For L € Pic(X ) we denote the pullback of L as L ® 4 B. In the definition of
PBicy(A) above k is the residue field A — A/my ~ k.
From now on we make the following two assumptions about X:

1. HO(X,0x) ~ k
2. dimy HY(X,Ox) < .

For instance, if X is a proper algebraic variety then the assumptions are
satisfied. We will first show that Pic,, satisfies conditions H; and Hy. We will
recall their definitions from Lecture 4.

F satisfies condition H; if for any f: A" — A, g: A” — A € Arty, with g a
surjection giving a small principal extension the following map is surjective:

Frg: F(A x4 A”) = F(A') x pay F(A").
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F satisfies condition H if f * g is bijective when we take g to be the quotient
map g : kle] — k.

3 Preparation

Before we can prove that Pic,, satisfies the first two Schlessinger conditions, we
have to prepare two algebraic results.

Lemma 3.1. Let A be a ring, J C A a nilpotent ideal and v : M — N a
morphism of A-modules such that N is flat over A.
Ifu: M/J — N/J is an isomorphism then so is u: M — N.

Proof. Let @ be the cokernel of v and consider the exact sequence
M%N-—-Q—o0.

Tensor this sequence of A-modules with A/J. Since tensoring is right exact we
still have an exact sequence

M/JM % NJJN — K/JK — 0.

By assumption % is an isomorphism and thus K/JK = 0. Therefore K = JK =
J"K for any n > 0. As J is nilpotent we conclude K = 0, ie. u is surjective.
Therefore we have a short exact sequence:

0 H M —— N 0

Since N is flat over A, after tensoring with A/.J the first derived term on the
left is 0 and we get an exact sequence:

0 — H/JH — M/JM —*> N/JN —— 0

Once again we conclude H/JH and thus H is 0. Therefore u is injective. O

Exercise. Using this lemma prove that if M is flat over A € Arty then M is in
fact free.

In setting up for the next result we need a definition. Note that we chose the
geometric (ie. scheme theoretic) convention for our naming.

Definition 3.2. Let B — A be a ring morphism. If N is a B module then we
will call N ® g A the pullback of N to A.

If M is an A-module isomorphic to the pullback of N, then there are B-
module morphisms u : N — M (factoring through N — N ® 5 A) which induce
an isomorphism N ®g A — M. We will call such morphisms restriction maps.

Lemma 3.3. Suppose A — A is a morphism and A” — A is a surjective
morphism with nilpotent kernel J.

Let M be an A module, M’ a free A" module and M" a flat A” module;
such that M’ and M" pull back to M. Let v’ : M' — M and v : M" — M be
restriction maps.



With B= A" x4 A” and N = M' xyy M" we may construct the following
Cartesian diagram using the projection maps p’ and p”':

11
N =M xyM"—+L— M"

J/p/ J/u// .
M —Y M
Under these circumstances, N 1is free over B. Moreover, N pulls back to M’
and M" while p' and p” provide restriction maps.

Proof. Choose a basis (2});c; of M’ over A’. Since v’ : M’ — M 1is a restriction
map, M is free over A with basis (u/(z}))ier-
Since M ~ M"/JM" we may choose z € M" such that v”(z}) = u/(z}).

The morphism

@Aul‘;/ — M"

iel
pulls back to an isomorphism on A. Since J is nilpotent we may apply Lemma
[.1] to conclude that M" is free with basis (2//);cr. As u”(z}) = u/(x}) the pairs
(x,x}) € N form a free basis over B.

Exercise. Convince yourself of this fact.

Note also that the projection maps p’ and p” map the basis to the corre-
sponding bases. Making them restriction maps. O

Corollary 3.4. Together with the hypotheses of Lemmal[3.3, assume that L is a
B module and that we have a commutative diagram of B modules:

"

L—— M

bl

M — s M

By the universal property of fiber products we get a morphism v : L — N
making the following diagram commutative:

N Lt M-

ol

M — M

If ¢’ is a restriction map then u is an isomorphism.

Proof. First, as an easy exercise, show that B — A’ is surjective with nilpotent
kernel J'. Use the explicit construction of product of rings.

Lemma 2 assures that the projection p’ : N — M’ is a restriction map. The
commutativity of the diagram and our hypothesis on ¢’ implies v must pull back
to an isomorphism on A’. This pull back can be written in the form:

u:L/)J'L— N/JN.



Lemma 2 also says that N is free and thus flat over B. Since J' is nilpotent we
may use Lemma 1 to conclude that v is itself an isomorphism. O

4 Main result

We are finally ready to prove the main result of this lecture.

Proposition 4.1. Let f: A’ — A and g : A” — A be morphisms in Arty, with
g a surjection. Then the natural map

f*xg: ‘BicM(A’ XA A//) — ‘BicM(A/) XBic,, (A) ‘BiCM(AH)
is a bijection. In particular Pic,, satisfies Hy and H.

Proof. For simplicity of notation let 8 denote Picy,. Let (L', L") € P(A") xp(a)
PB(A”) with the common image L € PB(A). Let B denote the product A’ x 4 A”.
Let | X| denote the underlying topological space of X. Note that the spectrum
of an Artinian ring A consists of a point and so |X 4| = |X]|.
We may thus consider the following commutative diagram of sheaves on | X|:

OXB I OXA//

! |

OXA/ E— OXA

This induces a canonical morphism Ox, — Ox ,, Xox, Ox ,, of sheaves on | X|.

Since A” is Artinian, the kernel of g : A” — A is nilpotent. Therefore we
may apply Corollary [3-4] to conclude that the canonical map just defined is an
isomorphism of sheaves of B modules:

OXB — OXA/ XOXA OXA//'

Therefore N := I/ xy, L" is an invertible sheaf on Xg. By Lemma N pulls
back to L’ and L” on X 4 and X 4~ respectively. In other words f x g(N) =
(L', L") and thus f x g is surjective.

It remains to verify injectivity of f * g. Let M € B(B) map to (L', L")
via f % g and pull back to L over X 4. Notice that there is an automorphism
0 : L — L which makes the following diagram commute:

M —— L"

L, X

Ay U

We will now describe this automorphism 6. Recall that we assumed k —
H°(X,Ox) is an isomorphism. This implies that the natural map

A— H°(X4,0x,)=HX,0x @ A)
is an isomorphism. This is a consequence of the following exercise.

Exercise. The canonical map k — H°(X,Ox) is an isomorphism if and only
if for all k-vector spaces V the canonical map V — H%(X,0x ®; V) is an
isomorphism. |[Hint: Ox @iV ~ @, Ox, where # is a basis for V|



Thus 6 is multiplication by a unit a in A. Replacing ¢” with 1 -¢” we may
assume 6 is the identity map. That is u'¢’ = u”¢".
Now we may apply Corollary to conclude that M is isomorphic to N.

Proving that f * ¢ is injective. O

Next week. We will show that Bic,, satisfies Hs, H4 and we will begin proving
Schlessinger’s Theorem.
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Lecture 6

The meaning of bonus exercises. While typing the notes, I (Emre) added
bonus exercises to emphasize some non-trivial points in the argument that are
not covered in lecture notes. They are occasionally very time consuming, so do
them at your own risk. In anycase, they are by no means included in the exam,
should you be interested in taking one. But, any run-of-the-mill exercises and
anything that is said to be ‘left to the reader’ are from the lecture notes; ignore
them at your own risk.

1 Finishing the proof from last week

Last week we showed that PBic,, satisfies the first two Schlessinger conditions
provided X is such that H°(X,Ox) = k and dimy H*(X, Ox) < co. This week
we will prove that Bic,, further satisfies the last two Schlessinger conditions.

Remark. Condition H,4 requires that f * g be bijective whenever g is a principle
small extension. Previous week we showed that for any two morphisms f and g
in Arty, with g surjective, the induced map f * g for Pic,, is bijective. Hence
Pic,, satisfies Hy.

The fact that Hg is satisfied by JBic,, is a consequence of the following lemma.

Lemma 1.1. If X is a scheme over k such that H'(X, Ox) is finite dimensional,
then Bicy, (kle]) is a finite dimensional k-vector space

Proof.

Step 1:

We fixed M, a line bundle on X, to define Bic,,. Now we are going to show
that we may assume M = Ox for this proof.

Let Lo € Picy,(k[e]) be the zero element of the vector space structure (in
fact Ly is the image of M with respect to the structure map k — k[e]). Define a
map:

Picyr(kle]) = Pico, (k)
L — L®Lj.

Since tensoring with a line bundle is an invertible operation, this map is a
bijection.

*TEX by Emre Sertéz. Please email suggestions or corrections to emresertoz@gmail.com



Bonus exercise. Show that the map above is a vector space isomorphism.
Step 2:

From this point onwards we may, and will, take M = Ox. Let Y be Xy =
X Xgpec(k) Spec(kle]). Let r : Spec(k) — Spec(k[e]) be the map corresponding
to the quotient map k[e] — k. Let m: X — Spec(k) be the structure morphism.
The inclusion of the central fiber is given by p :=Idx xX(row): X — Y. By
definition we have

Pico, (kle]) = {L € Pic(Y) | u*L ~ Ox} = ker(H (Y, 03) 5 H'(X, 0%)).
Step 3:

Now we will concentrate on the map between the cohomologies. First, recall
that p is a homeomorphism of the underlying topological spaces of X and Y. The
morphism between the structure sheaves u# : Oy — Ox is simply the projection
on to the first factor where we make the obvious identification Oy = Ox ®eOx.

Further note that we have O} = O% - (1 +¢Ox). This gives an exact
sequence:

exp

u#
0 Ox o5 O% 0

where the exponential map is defined so that exp(f) = 1+ ¢f. Note that the
surjection indeed coincides with the projection onto the first factor. We may
take the associated long exact sequence, observing that p# obviously surjects on
the level of global sections, we are left with:

0 —— HY(Ox) — HYO}) — HY(O%) .
Consequently,

Pico , (kle]) ~ H' (Ox).

But by hypothesis the latter vector space is finite dimensional over k and thus
so is Picy, (k[e]) once you prove the following.

Bonus exercise. The map Picy, (k[e]) ~ H'(Ox) is a k-vector space isomor-
phism.

O
Summing up the results so far we have:

Theorem 1.2. Let X be a scheme over k such that H'(X,Ox) = k and
dimy HY(X,Ox) < 0o. For any M € Pic(X) the functor Bic,, satisfies the four
Schlessinger’s conditions Hy, Hy, H3 and Hy.



2 Schlessinger’s theorem

Recall that a natural transformation v : F — G in Fun®(Arty, (Sets)) is called
smooth if for any surjection f: A — B the induced map

" F(A) = F(B) xg) G(A)

is surjective.

Recall also that we defined the ‘tangent space’ of F' to be tp := F(k[¢]) which
in certain cases will have a k-vector space structure. As for a ring R we will
refer to ty, as tgp.

Finally, recall that a hull of F is a couple (R,r) with R € Art and r € F'(R)
such that the induced map 7 : hg — F' is smooth and the map between the
tangent spaces tg — tg is an isomorphism.

We will now prove:

Theorem 2.1. Assume that F' € Fun®(Arty, (Sets)) has a hull. Then F' satisfies
the first three Schlessinger conditions.

As always let f: A’ = Aand g: A” — A be in Arty. Let (R,7) be a hull of
F.
To be able to distinguish the two induced maps, we use the following notation:

f*rg : F(A/ X A AN) — F(A/) X p(A) F(A”)
fonrg : hr(A" x4 A") = hp(A") Xp,a) hr(A”).

Proof of condition 1. We will show that smoothness of 7 : hgp — F implies that
f *r g is surjective, for any f and g as above. By elementary diagram chasing
we construct a commutative diagram:

FA x4 A" L5295 P(A) X gy F(AY)

I I

f*npg

hR(A/ XA A”) E— hR(AI) XhR(A) hR(A”)

Check that the smoothness condition implies, for any B € Arty, that hg(B) —
F(B) is surjective. (Hint: Take the map to be B — k.) Therefore, the vertical
arrows are surjective by smoothness.

By showing that the bottom horizontal map is surjective we may conclude
that the top horizontal map is surjective. Since hp is a hom functor, it preserves
fiber products. Therefore, the bottom horizontal arrow is a bijection. O

Proof of condition 2. We take g to be the map k[e] — k. We wish to prove that
f#*F g is a bijection for any f. Denote A’ xy, k[e] by A’[¢]. Using also the tangent
space notation, the commutative diagram in the previous proof becomes:

F(A'e]) L29 p(AY) x tp

l I

hr(A'[e]) —— hgr(A’) x tg



We will show that f *p g is injective. Take z,y € F(A’[e]) which map to the
same (o, 8) € F(A") x tp. Fix alift a € hg(A’) of a € F(A’). By smoothness
the following map is surjective:

hR(A,[E]) — hR(AI) X F(A”) F(AI[E])

Therefore we may pick lifts ¢, ¢, € h.(A’[¢]) of (a,x) and (a,y) respectively.
Using the bottom horizontal arrow of our commutative diagram, we may associate
these lifts to pairs (a,¢) and (a, ;) in hr(A’) X tg, uniquely. Since (R,7) is a
hull, the rightmost vertical arrow is a bijection between the second components.
But both ¢/ and ¢, map to the same element 3 so they must be equal.

It follows that = and y are equal. This proves injectivity of f*r g and having
established surjectivity in the previous proof, we are done. O

Proof of condition 3. This is immediate because tp ~ tp by hypothesis. But
tr ~ R/mp € Art; which implies that dimy tg < oco. O

3 Additional Lemmas

For future reference we will prove two lemmas. This first implies a fact we have
been using so far: If F satisfies Hs then ¢z has a canonical vector space structure.
We will be interested in the following kind of functors.

Definition 3.1. A functor satisfying the first two Schlessinger conditions is said
to be a functor with good deformation theory.

Let us first introduce a notation. For a k-vector space V we define k[V] to
be the k-algebra where elements in V' give a square zero ideal. Note for instance
that k[V] xp kE[W] ~ k[V & W].

Bonus exercise. Prove that if F' satisfies Hs then it satisfies the hypothesis of
the following lemma.

Lemma 3.2. Suppose F' is a functor such that for any two finite dimensional k-
vector spaces V and W the canonical map F(k[V]|xik[W]) — F(k[V]) x F(k[W])
is a bijection. Then F(k[V]), and in particular tr = F(k[e]), has a canonical
vector space structure. Moreover, there is a natural isomorphism:

tr @V — F(k[V]).

Proof. The addition on V' defines an “addition” map on k[V] as follows:
E[V] xk k[V] — Kk[V]
(c+v,c+w) = (c,v+w)

where ¢ € k and v,w € V. Similarly, scalar multiplication on V defines scalar
multiplication on k[V], e.g. a € k takes (c¢,v) to (¢,av). Using the canonical
isomorphism (induced by the projection maps)

F(k[V] xx F[V]) = F(K[V]) x F(k[V])



we can carry the addition and scalar multiplication maps on k[V] to the set
F(k[V]) via F. Its easy to check that these satisfy the necessary vector space
axioms making F'(k[V]) a vector space. (e.g. by showing that F' preserves the
commutativity of necessary diagrams.)

Since homg(kle], k[V]) =~ V, which is a k-linear map with respect to the
natural vector space structures on both sides, given (z,v) € tp we can treat
v € V as amap k[e] — k[V] thereby define F'(v)(x) € F(k[V]). This is a k-linear
map and it induces the map

tr @V — F(K[V]).

Notice k[V] ~ H?;nllv k[e] where the product is taken over k. Thus it is easy to
see that the map above is an isomorphism. O

We will need the following exercise for the final lemma:

Exercise. F satisfies H; iff for any f : A’ — A and any small extension
g: A" — Ain Arty, the map F(A" x4 A”) = F(A’) xpay F(A”) is surjective.
(That is, the condition of being principle may be omitted.)

Lemma 3.3. Suppose F is a functor with good deformation theory. Let B — A
be a small extension in Arty with kernel M. Then there is a canonical transitive
action of F(k[M]) =tp Q@ M on the fibers of F(B) — F(A).

Proof. First off let V :=tp ®, M.

To see why we should expect such an action, and motivate the remaining
part of the proof, we will first assume B — A is split. That is B ~ A[M]. By
the previous lemma and using Hs we have

F(B) =~ F(A) x F(k[M]) = F(A) x V

In this case the fiber of the map F(B) — F(A) is just V and the action of V' on
the fibers is clearly transitive as well as canonical (because the bijections above
are canonical).

As for the general proof, consider B x 4 B. It is left as an exercise to show
that B[M] ~ B x 4 B, where the isomorphism is canonical with respect to their
universal properties (Hint: The map is defined by (b, m) — (b,b+ m)).

Using Hy again we conclude F(B[M]) = F(B) x V. This gives us the
following sequence of maps:

F(B) x V ~ F(B[M]) ~ F(B x 4 B) — F(B) x p(a) F(B)

where the last arrow is a surjection due to H;. The projection on to the first factor
gives us the first factor we began with and projection on to the second factor
allows us to define the V action on the set F'(B). The fibers of F'(B) — F(A) are
obviously preserved, simply due to the codomain of the map above. Transitivity
of the action follows from the surjectivity of that map.

Bonus exercise. Check that this is indeed a group action. (Hint: Express this
condition using diagrams or you are in trouble.)

O
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Lecture 7

1 Schlessinger’s theorem, the other direction

Now we wish to prove that the first three Schlessinger’s conditions imply the
existence of a hull. This is the converse of what we proved last week.

Theorem 1.1. Let F' € Fun™(Arty, (Sets)) satisfy Hy, Hy, H5. Then F admists
a hull.

Proof. Our goal is to construct R € Art; and an element u € F (R) such that
the map hr — F induced by w is smooth and is an isomorphism on the tangent
spaces. By definition of Arty, R ~ ]'glR/m’]%. Therefore, in defining R we may
as well start with a sequence of small surjections and take their limit:

...Ri_,_l—»Ri—»Ri_l—»...—»Rl—»ROZkEAI‘tk.

In constructing the element v we need to choose a sequence of elements u; € F(R;)
that are compatible with respect to the maps above.

Step 1

Observe that for any R € Artj, we have a surjection R — R/m? ~ k[M] where
M = mR/m%. This gives an isomorphism tg — typ7- Hence the discussion
below describes how we should pick M and thus Ry as well as u; in order to
ensure that tg — tz is an isomorphism.

Let Ry = k[M] be the square zero extension for some k-vector space M. Note
that tp, = homay, (K[M], k[e]). We have a natural pairing:

tr, x F(k[M]) — F(kle]) =tr
(f2) = F()@).

Recall that we have an isomorphism

M —  homa,, (k[e], k[M])
m = (e—~m),

which allowed us to define the isomorphism

tr®@M — F(k[M])
v@m — F(e—m)(v).

*TEX by Emre Sertéz. Please email suggestions or corrections to emresertoz@gmail.com



Similarly we have an isomorphism

MY —  homa,, (K[M], k[e])
o = (s+¢-¢e)

where s : k[M] — k is the canonical projection.
Using these identifications the pairing above becomes

MVX(tF®M) — tr
(pv@m) = @(m)-v.

If we choose an element u; = Y, v; ® m; € tp ® M such that the v; form
a basis of tF and the m; form a basis of M then it is easily checked that the
pairing above gives an isomorphism:

tr, = MY = tp.
Step 2

Let S = K[[Th,...,T,]] where r = dimytr and T;’s form a basis for t}.
Further let n = (11, ...,T;) be the maximal ideal. We let Ry = S/n = k and
Ry = S/n? = k[t}]. We pick the only element in F(Rp) to be ug and we choose
u; € F(Ry) such that tg, — tF is an isomorphism. (In fact, for fun, we can
choose u; so that tg, = (t})Y — tp is the canonical isomorphism.)

We will construct the other pairs (R, u,) by induction as follows. We want
R; = S/J; for some ideal nJ;_1 C J; C J;—1 and we want F(R; - R;_1)(u;) =
u;—1. Suppose (R;, u;) has been constructed in this way for 0 < i < n—1. Let Z,
denote the set of all ideals nJ,—1 C J C J,_1 such that there exists u’ € F(S/J)
Satisfying F(S/J — Ri_l)(u’) = Uj—1-

We claim that Z,, is closed under arbitrary intersections. Therefore we may
define J,, to be the smallest element, or the intersection of all elements, in Z,.
Leaving the proof of this claim to the next step, let us continue in constructing
R.

Having defined J,, and thus R,, = S/J,, we pick any u,, € F(R,,) lifting w,,_1.
So that we may define

R= @Rn, u= Y&lun € F(R)

Remark. In general R/m% # R,. However the fact that R ~ S/ N; J; means
ml, C J,/ N; J; for all n. This is why we can define u as the limit of u,’s. We
won’t go into this here.

It is clear that tr = hgr(kle]) = hg,(k[e]) = tgr, and the map tp — tp
induced by u coincides with the map tr, — ¢r induced by u;. That is, hg = F'
induced by w gives an isomorphism of the tangent spaces. It remains to show
that this map is smooth, which we postpone to Step 4 of this proof.

Step 3

We are going to show that Z,, defined above is closed under arbitrary inter-
sections. Notice however that the ideals in Z,, give vector subspaces of the finite
dimensional vector space J,_1/nJ,—1. Conversely we claim that any vector



space V in J,,—1/nJ,—1 pulls back to an ideal containing n.J,_1 and contained
in J,—1. The pull back can be performed via the ring quotient S — S/nJ,,_1
hence if V' C S/nJ,—1 is an ideal, its pull back will be an ideal. The exercise
below provides the missing ingredient.

Bonus exercise. Let V' C J,_1/nJ,—1 be a vector space. Show that the
multiplication action of S/nJ,_1 on V factors through S/n = k. Hence V is a
square zero ideal in S/nJ,_1.

An intersection of an arbitrary collection of subspaces within a finite dimen-
sional vector space can be realized as the intersection of a finite subcollection
of these subspaces. Hence, it is enough to show that Z,, is closed under finite
intersections, or by induction, under the intersection of any two ideals.

Pick I,J € Z,, and let K = I N J. By the following exercise we will assume
that I +J = J,_1.

Exercise. Given I,J € 7,, we may expand J such that I + J = J,_; without
leaving Z,, (Easy, but check.) Thus we have

S/(INJ)~8/Ixgp,_,S/J.
Using the exercise we get a natural map
F(S/K)~F(S/I xg,_, S/J) = F(S/I) Xp(r,_,) F(S/J).

Moreover this map is surjective by Hy because S/J — S/J,—1 is a small extension
(as nJ,—1 C J). By definition of Z,, we have u; € F(S/I) and uy € F(S/J) both
of which map to u,,—1 € F(R,_1). Hence (ur,us) € F(S/I) Xp(r,_,) F(S/J).
Consequently there is a ug € F(S/K) mapping to (uy,uy) and thus to w,_1.
That is, K € Z,.

Step 4

Now we will prove that the map v : hg — F just constructed is smooth.
That is, for any ¢ : B — A in Art;, we need to show that

v¥ . hR(B) — hR(A) XF(A) F(B)

is surjective. Let us simplify the problem using the following lemma.

Lemma 1.2. A natural transformation v : G — F in Fun®(Arty, (Sets)) is
smooth iff for any principal small extension ¢ : B — A in Arty the map

V7t hp(B) = hr(A) Xpa) F(B)
18 surjective.

Proof of lemma. Since ms = 0 for some n, we can factor the surjection ¢ as
follows. Let I = kerp and A; = B/m’;1 so that we have

B=A,— A4, 1— - A=A

where each map is a small extension. Similarly we can factor any small extension
by principal small extensions.



Let us outline the induction step. Suppose Az 23 A, & A; are two maps
such that v¥1 and v¥? are surjective. We will show that v¥1°¥2 is surjective.
Consider the diagram below:

F(A3) —— F(A2) —— F(4A1)

l l l

G(A3) — G(Ar) —— G(Ay)

Pick g3 € G(A3) and f; € F(A;) lying over g; € G(A1). Let g € G(A3) be the
image of g3. By surjectivity of ¥¥* there is an element fy € F(A2) which maps
to g2 and f1. By surjectivity of v¥2 there is an element f3 € F'(Ag) which maps
to g3 and f5. This proves surjectivity of v%1°¥2, O

In light of the lemma above, we take a principal small extension ¢ : B — A
to test surjectivity of v¥. Fix b € F(B) with image a € F(A). If o € hg(A)
maps to a, that is v4(a) = F(a)(u) = a, then we need to check if (a, b) lifts to
hr(B). In other words, we need to find a map 8 : R — B such that F(8)(u) =b
and « factors through 5. First we will show that we need not worry about b and
that lifting the map « is enough.

Suppose we find some f§ lifting «, that is « = ¢ o 8. Then F(8)(u) =V
where &’ maps to a. Then we can modify § so as to hit b. Indeed, F(B) — F(A)
has fibers which admit transitive ¢p ® ker ¢ action on them. Note also that since
the extension ¢ is principal tp ® ker p ~ tp. So there is a z € tp whose action
on F(B) carries b to b. Recall in constructing this action we used the following
sequence of maps

B xy k[I]~Bx,B% B.

Pick y € tg = hg(k[I]) which maps to . Then the map R @y g X k|1
composed with the sequence of maps above yields a map to B which takes u to
b.

Now we focus on finding a lift of . Choose the smallest n such that « factors
through R,, — A. Since the extension B — A is small any lift 5 of « will factor
through as R, 11 — B. So we are looking for a map v to complete the following
diagram:

In order to use the minimality of the defining ideal of R,,; we need to bring S
into the picture. So observe that S being a power series ring, we can define a lift
w completing the diagram:

,’/a B

w/

S~ VR, —> A



Therefore, the existence of v is equivalent to completing the following diagram

S%RHXAB

J/ - ///w J/
- 1

Rn+1 —_— Rn

If 1 has a section then obviously v exists. Otherwise we use the following lemma
to conclude that w is surjective:

Lemma 1.3. If a principal small extension ¢ : B — A doesn’t have a section it
is essential. That is, if a map w : S — B surjects onto A after composing with
@ then w itself is surjective.

The proof of this lemma is left for the following week. Let J = kerw. It is clear
that nJ, C J C J,, and if we further show that u, lifts to S/J = R,, x4 B then
we may conclude J € Z,, 1 from which it follows by minimality of J,11 € Z,,41
that v exists.

To lift u,, observe that H; implies the map below is surjective

The element (u,,b), belongs to the right hand side. Therefore, there is an
element u' € F(S/J) mapping to u,. This concludes the proof that hg — F is
smooth. O
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1 Theorem on pro-representability

We are now going to prove the final piece of Schlessinger’s theorem.

Theorem 1.1. Let F' € Fun™(Arty, (Sets)) then F is pro-representable iff F
satisfies Hy, Hy, H3, Hy.

Proof.

(=) Suppose F is pro-representable, i.e. there is v : hg — F. Clearly this
map is also a hull of F' therefore the conditions Hi, Hy, Hs are satisfied. On the
other hand, condition H, is immediate for any hom functor (by the universal
property of fiber products).

( <) Conditions Hy, Hy, H3 imply that there is a hull v : hg — F. We are
going to prove that condition Hy implies that v is an isomorphism. What must
be checked is that for any A € Arty, the map v4 : hr(A) — F(A) is a bijection.
We are going to prove this by induction on the length of A.

Definition 1.2. Let A € Arty. By length of A, denoted len A, we will mean
the largest integer n > 1 such that there is a sequence of ideals

0ChLC--Cl,=A

If len A =1 then A = k and obviously vy is a bijection (between two sets of
size one). If len A’ = n > 2 then take a principal small extension

0—-1—A —>A—0.

Necessarily len A = n — 1 and by induction hypothesis we may assume that v 4
is bijective. Combining this result with smoothness we get

hR(A/) —» hR(A) XF(A) F(A/) ~ F(AI)

That is, va/ is surjective. We now would like to show that v, is injective.
Consider the following diagram:

hr(A") —— F(A")

l |

hr(A) —— F(4)

*TEX by Emre Sertéz. Please email suggestions or corrections to emresertoz@gmail.com



Recall that on hr(A’) we have a I ® tg action that is transitive on the fibers of
hr(A” — A). Similarly we have a I ® tr action on F(A’) that is transitive on
the fibers of F(A" — A).

Bonus exercise. Identifying the additive groups I ® tr and I ® tp with the
isomorphism vy ) show that the diagram above is equivariant under these actions.

Exercise. Condition H, implies that the action of I ® tr on the fibers of
F(A" — A) is in fact free.

Now suppose z,y € hr(A’) map to the same element z € F(A’). Due to
the bijectivity of the bottom horizontal arrow, x and y lie in the same fiber of
hr(A" — A). Hence there is an element v € I ® tr such that v-x = y. Using the
equivariance of the map we conclude v - z = z. The group action on each fiber of
F(A" — A) is free by the exercise above hence v = 0. Therefore, z = y. O

2 Tangent-obstruction theories

2.1 Definitions

A functor F' € Fun™(Artg, (Sets)) is said to admit a tangent-obstruction theory if
there exists finite dimensional k-vector spaces T; and T5 satisfying the following
three conditions.

Condition 1

For every small extension 0 — M — B 5 A — 0 there exists an “exact sequence”
of sets:

F(m)

Ty @k M~~~ F(B) F(A) =25 Ty @, M

Squiggly arrow denotes a Ty ®; M action on the set F(B) and exactness means
the following are satisfies:

1. ob™*(0) = Im(F(x)) (Ezactness at F(A)).

2. The map F(r) is invariant under the action of 77 ® M. Furthermore, the
action of 71 ® M on each fiber is transitive. (Ezactness at F(B)).

Condition 2

If A =k then the action of T3 ® M on F(B) is free. Note that, A = k implies
B ~ k[M]. Using the proof of Proposition we get a canonical isomorphism

of wvector spaces:
F(k[M]) ~T; @ M.

Condition 3

The association of an exact sequence of sets to a small extension given in
Condition 1 is functorial. To describe what this means we need to define
what morphisms are between these objects. A morphism of small extensions



@ 1 ex — eg is simply a triplet (¢, B, pa) making the following diagram
commutative:

el : 0 M B A 0
J/LPJM LPB l@A
es: 0 M’ B’ A’ 0

In general, an exact sequence of sets will consist of the following data
G ~ S1 — Sy — H where G and H are groups, S; and S are sets. The
conditions of exactness are exactly as before. Hence a morphism of two exact
sequences of sets ¥ : fi — fo is given by four morphisms (g, 91,12, ¥ g) such
that the following diagram “commutes’

fi: G-~y S —— Sy —— H
lwc l@bl lﬂ}z le
fo: G~y S —— S, —— H'

Here, by commutativity we mean that the map 1 is equivariant with respect to
1 and for the rest of the diagram the notion of commutativity applies as usual.

Condition 1 assigns to a morphism ¢ : e; — ey the following morphism
(Id @@, F(er), F(va),Id®¢a). Here we require this assignment to respect
the composition of morphisms.

2.2 Main theorem we are aiming for
Our goal for the next few weeks is to prove the following theorem.

Theorem 2.1. Let F € Fun*(Arty, (Sets)) be pro-represented by R € Arty,.
Then the following hold.

o [ admits a tangent-obstruction theory with Ty =tp = tg.

o Let d =dimtp. Recall that R ~ k[[x1,...,34]]/J for some J C n? where
n=(21,...,%,). We may take To = J/nJ.

First note that if J does not lie in 7% then dim ¢z < d which can not happen.
Observe also that finding a tangent-obstruction theory for a pro-representable
functor F reveals quite a bit about R € Art;, representing F. Nevertheless, we
said that “we may take” Ty = J/vJ because, in general, the obstruction space
Ts is not unique for F'.

Exercise. Suppose F' admits a tangent-obstruction theory (73,75). Show that
for any k-vector space T4 containing 7o we may define a tangent-obstruction
theory for F' using the pair (T1,73).

For our next result we need the following lemma.

Lemma 2.2. If F' admits a tangent-obstruction theory then for any k-vector
space M the set F(k[M]) admits a canonical k-vector space structure. In partic-
ular tp is a vector space.



Proof. We are going to use Lemma 3.2 of Lecture 6 which states that our claim
holds if for any two k-vector spaces M7 and M, the canonical map below is a
bijection:

F(k[M] xy k[Mz]) — F(k[M;]) x F(k[My]).

Let U = F(k[M;] x k[Ms]) and V; = F(k[M;]) for ¢ = 1,2. By abuse of notation
denote F(m;) : U — V; also by m;. Choose a tangent-obstruction theory (77, 7%)
and use the following morphism of the exact sequences:

0 —— My & My —— k[Mq] x k[Ms] —— k —— 0

J b

0 M; k[M;] k 0

Using Conditions 1 and 3 we get a functorial assignment to these morphisms.
Moreover, Condition 2 guarantees that the resulting actions are free. Fix the
image of F(k) in U and in V;’s to get the following diagram where the horizontal
maps are a result of acting on these distinguished points and are bijective:

(M1®M2)®T1 — U

| !

Since M1 & My ~ My x My we also get U ~ V] x V5 via the canonical maps,
which was to be proven. O

Proposition 2.3. Let F' € Fun*(Arty, (Sets)) be a functor admitting a tangent-
obstruction theory (Ty,Ty). Then there is a canonical isomorphism Ty ~ tp.

Proof. In fact we can prove a little more with no extra work. For any k-vector
space M there is a canonical isomorphism M ® T7 ~ F'(k[M]), where the latter
has a vector space structure by the previous lemma.

We fix the point 2y € F'(k[M]) which is the image of F'(k). This establishes a
bijection f: M ® Ty — F(M) as in the proof of the previous lemma. The point
here is to show that this bijection is in fact an isomorphism of vector spaces.
We will show that the map is additive leaving the (easier) proof that it respects
scaling by k to the reader.

Let V. = F(M) and W = M @ T;. We wish to show that the following
diagram commutes, where the vertical arrows denote addition:

Wxw 25 vy

| |

w—> vy

To do this we break the diagram into two parts. Recall that the addition map
V xV — Visdefined by V x V ~ F(k[M] x}, F[M]) — V where the latter map
is the functorial image of (something akin to) addition of the two components.
First we want to prove that the composition of the natural maps

W x W~ (M&M)®T, — F(k[M] xx F[M]) >V xV



is still f x f. This can be checked by applying functoriality on the following two
exact sequences corresponding to the two projections:

0 —— MM —— k[M] X k[M] —— k —— 0

J- ! |

0 M k[M] k 0

Therefore, we need only show that the following diagram commutes:

W x W —— F(k[M] x5 k[M])

| |

W—m—V

Which follows by functoriality applied to the following (note that it is different
from the ones above):

0 — M&M — k[M] x, k[M] —— &k —— 0

Jo ! |

0 M k[M] k 0

This proves that f: W — V is linear. O

In practice the main reason we want a tangent-obstruction theory for a
pro-representable functor F' is because we get dimension estimates on the pro-
representing ring R. These dimension estimates are extremely useful. With that
in mind, next week we will prove that if F = hr then

dimT; —dim7; < dim R < dim T}

for any tangent-obstruction theory (77, 7%) of F.
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1 Deformations of a scheme

Conventions. By a ring we will mean a noetherian commutative ring with
unity. By a scheme we will mean a locally noetherian, seperated scheme.

Definition 1.1. Let X be a scheme over an algebraically closed field k. Let
A € Artg. An infinitesemal deformation of X over A is a cartesian diagram

X —Y sy

| |

Spec k —— Spec A

where Y — Spec A is flat.

Definition 1.2. An isomorphism of two infinitesimal deformations Y,Y’ —
Spec A of X is an isomorphism ¢ : Y — Y’ over A such that poty = tys. Hence,
there is a commutative diagram as follows

S,
o~

Spec A

Definition 1.3. Let f : A — B € Arty. The pullback of a deformation
Y — Spec A of X via f is defined to be f*Y — Spec B together with the map
iy : X = f*Y induced by the universal property of the pullback.

Definition 1.4. We define the functor of infinitesimal deformations of X as
Defx € Fun®(Arty, (Sets)) such that

Def x (A) = {Infinitesimal deformations of X over A}/ ~

where the equivalence is that of isomorphism.

*TEX by Emre Sertéz. Please email suggestions or corrections to emresertoz@gmail.com



Definition 1.5. A deformation (Y — Spec A,ty) of X is called trivial if it
is isomorphic to the pullback of the “deformation” (X — Speck,Idx) via the
structure morphism s4 : Spec A — Speck. A deformation Y — Spec A of X is
called locally trivial if there exists an open cover {U;} of Y such that U; is a
trivial deformation of U; Xgpec 4 Speck.

There is another way to phrase local triviality. Observe that as a morphism
of topological spaces ¢ty : | X| — |Y| is a homeomorphism for any infinitesimal
deformation (Y, ¢y ) (see the proof of the following lemma). Therefore, if U; is an
open subscheme in X then we can restrict the structure sheaf of Y to the open
set |U;| to get an open subscheme U] of Y. Hence, an infinitesimal deformation
(Y,uy) is locally trivial iff there exists an open cover {U;} of X such that the
induced open subscheme U/ C Y is a trivial deformation of U; for each 1.

Notation. We define the subfunctor Def% of Defx which gives the locally
trivial deformations of X.

Technically speaking, we can skirt around the following lemma to prove the
final theorem of this lecture as well as its corollary. However, we provide it here
for completeness. Those of you who want to take the exam should keep in mind
that the following lemma is not part of the curriculum.

Lemma 1.6 (|Ser06| pg. 23, Lemma 1.2.3). An infinitesimal deformation of a
noetherian affine scheme is noetherian affine.

Proof. Let Zy = Spec Ry be a noetherian affine scheme over k and A € Art,.

Consider an infinitesimal deformation of Zj:

Z(];-}Z

| J

Spec k —— Spec A

Step 1

We will first show that j is a closed immersion with coherent nilpotent ideal
of vanishing. This is local on the codomain so we will assume Z = Spec B
with A — B flat. Then Z; = Spec(B ®4 k). Tensoring the exact sequence
0—my - A— k — 0 with the flat A-algebra B we get:

00— my®uB—B ——> B®sk——0

Since my4 is nilpotent in A so is my4 ® 4 B.
Step 2

We will show that j is a homeomorphism. This is local on the codomain so
we may assume Z affine. A closed immersion of an affine scheme cut out by a
nilpotent ideal is clearly a homeomorphism.

A quicker way to see this is to note Zy ~ V(N) as a subscheme of Z and
that |V(N)| = |Z]| by definition of V(N).

Step 3



If r is the smallest positive integer such that N” = 0 then we have
Z=V(N)DV(N"hHD---D2V(N)=Z.

Therefore, our main result is true by induction on 7 if it is true when r = 2.
Assuming r = 2 we note that NV obtains the structure of an Oz -module. We
use the homeomorphism j and the fact that cohomology of modules can instead
be computed by treating them as Z-modules to conclude that

HY(Z,N)=H'(Zy,N) =0

where the last equality follows because Zj is affine.
Consequently we have the following exact sequence, where R := H°(Z, Oy):

0 —— N(2) R Ry 0

Let Z’ = Spec R, the exact sequence above gives us a map Zy — Z’ which is a
homeomorphism. Moreover the map R — H°(Z, Oz) gives us a map of schemes
0 : Z — Z' which fits into a commutative diagram as follows:

z—°0 7

N,

Since the two arrows from Z are homeomorphisms, so must 6. It remains to
show that Oz — Oy is an isomorphism.

Step 4

Observe that Z is quasi-compact because 6 identifies the underlying topological
space with that of Z’, which is affine hence quasi-compact. Moreover, because
7' is seperated, intersection of any two affine subschemes of Z’ are affine and
in particular quasi-compact. For any f € R note that the open sets Zy C Z
and D(f) C Z' coincide. In particular we have shown that for any f,g € R
the intersection Zy N Z, is quasi-compact. Now we may apply Ex. 11.2.16d of
[Har77] which states that I'(Zy, Oz) ~ Ry. This implies that Oz — Oz is an
isomorphism. O

Theorem 1.7. Any infinitesimal deformation of a smooth affine scheme is
trivial.

Proof. Using Lemma we reduce to deformations of algebras. Let By be a
smooth algebra over k and let A € Arty. Consider a deformation of algebras

By +— B

[

k+——A

We wish to show that B is isomorphic to By ®j A in a way that respects the
map B®a k ~ By.



We will do this by induction on dim A. The base case dim A = 1 implies
A = k and there is nothing to prove. If dim A > 2, choose 0 # ¢t € m4 and
consider the following principal small extension

0 (t) A A 0

We have the following diagram

B —— By A —— By

I | |

A A k

By induction hypothesis B g A" ~ By®y A’. There is a map Bo®r A — By®y A’
and we wish to lift the map B — By ®; A’ to By ®;, A.

Since A — B is flat and the only geometric fiber of the map is smooth we
conclude that B is smooth over A (see [Har77] Thm II1.10.2). Moreover we have
the following exact sequence

04)Bo®k(t)*>30®kA*>Bo®kA/4>0

where the kernel is a square zero ideal because (t) C A is. Therefore we may use
the smoothness criterion ([Ser06] Theorem C.9) to conclude that

homA(B, By ® A) — hOHlA(B, By ®p A/)

is surjective. In particular, the lift we are after exists.

Exercise. Compare the definition of smoothness for functors with this lifting
property of smooth algebras.

It remains to show that the map B — By ®; A is an isomorphism. Clearly
By ®;, A is free and thus flat over A, the map is an isomorphism on the special
fiber from which it follows that the map itself is an isomorphism by Lemma 3.1
of Lecture 5 (or [Ser06] Lemma A.4). O

We will now study locally trivial deformations. Something that is locally
trivial is formed by gluing trivial objects by isomorphisms. Therefore the
following lemma will be crucial for our understanding of the functor Def%.
Note however that this is a simplified version of [Ser06] Lemma 1.2.6. We will
eventually need the stronger version but this will do for now.

Lemma 1.8. Let A be a k-algebra and Ale] = Ay k[e]. Denote by Auty(Ale])
the group of kle]-algebra automorphisms of Ale] that induce the identity on
Ale]/(e) =~ A. Denote by Dery(A) the k-derivations of A into itself.

There is a natural isomorphism of groups

Aut (Afe]) — Derg(A).



Proof. Since there is a natural splitting Ale] = A®eA as a k-vector space, we may
define two projections from Ale] to A which we will denote by m and o, such
that the first projection is a morhpism of algebras whereas the second projection
is only k-linear. Letting ¢ € Auty,(Ale]), we may write 1) = )1 + ¢ - 92 where
i =m0,

By k[e]-linearity we have ¢ (a + €b) = ¢(a) + ex)(b). Expanding this out gives
the following identities:

Yi(a+eb) = ¢Pi(a)
Ya(a+eb) = ta(a)+Y1(b).

Finally we combine this with our assumption that 1) descends to the identity on
A to conclude 11 = 1. Therefore, given our restrictions on 1 only d := 9|4 is
not completely determined.

We now prove that d is a k-derivation of A. Indeed, for ¢ € k we have
¥(c) = (1) and thus d(c) = 0. If a,b € A then expanding out 1(ab) = ¥(a)i(b)
gives d(ab) = ad(b) + bd(a).

Conversely, begin with a k-derivation d : A — A and define

Y i=m +e(d+m) : Ale] = Alel.

It is left as an exercise to show that ¢ is a k[e]-algebra automorphism.

We have thus established a bijection between automorphisms of Ale] and
k-derivations of A. It is clear that this bijection respects the group structure
and is thus a group isomorphism. O

Let X be a scheme, then we denote Homoe, (24, Ox) by Tx and call it the
tangent bundle of X.

Theorem 1.9. Let X be a variety over k (ie. integral, seperated scheme of finite
type over k). Then the tangent space of the functor of locally trivial deformations
of X is canonically isomorphic to HY(X, Tx).

Proof.
Step 1: From locally trivial families to cohomology classes

Let X — Spec k[e] be a locally trivial infinitesimal deformation of X. Choose
an affine open cover {U; — X} such that X|y, is a trivial deformation of
U;. Choose isomorphisms 6; : U; x Speckle] — X|y, and by pulling back
these isomorphisms we define automorphisms 6,; := 6; '0; : U;; x Spec k[e] —
Uij X Spec k[é‘] where Ul'j = Uz N Uj = Ul Xx Uj.

Each U;; is affine because X is seperated and thus Lemma @ corresponds
to each automorphisms 6;; a derivations of I'(U;;, Ox ), equivalently an element
di; € F(Uw Tx). Since Ginjké';kl = Id we conclude d;; + dji, — dix = 0. Thus
{d;;} is a Check 1-cocycle and therefore gives a class in H! (X, Tx).

Step 2: Showing invariance on the isomorphism class

We made three choices in constructing the cohomology class from the isomor-
phism class of a locally trivial family. First we chose a representing family, second
we chose a trivializing cover {U;} and then we chose trivializing isomorphisms 6;.
With one stroke we can show the invariance of the resulting cohomology class
on the first and third choices whilst the second one is an easy exercise:



Exercise. Show the cohomology class does not depend on the trivializing cover
{U:}-

Let X’ — Speck[e] be another deformation and let ¥ : X’ — X be an
isomorphism of deformations. The cover {U; — X} also trivializes X’ and
therefore we choose trivializing isomorphisms 6. : U; x Spec k[e] = X'|y,. Let
dgj € I'(U;j, Tx) be constructed as above, this time using 0.’s. Let u; : U; x
Spec k[g] — U; x Speck[e] be the isomorphism given by 6, 'W6!. Observe the
following:

-1 _ -1 -1
0,7, = 6 'wuly,

(Oips) " (O5015)
pi 07 00

Therefore, letting u; € T'(U;, Tx) be the derivation associated to u; we get
di; = dij +uj — u;. In other words, the cohomology classes associated to {d; }
and {d;;} are equal.

If we take X' = X and ¥ = Id then this also proves the independence of the
class on the choice of trivializing isomorphisms 6;.

Step 3: From cohomology classes to deformations

Now we would like to reverse the operation and get a locally trivial defor-
mation of X from a cohomology class £ € HY(X, Tx). Choose an affine open
cover {U; — X}. By |Har77| Theorem II1.4.5 we may calculate the sheaf co-
homology using Check cohomology with the cover {U;}. Thus & = {d;;} with
dij S F(Uij7Tx) and Uij =U;N Uj as before.

By LemmalL.8each d;; corresponds to an isomorphism ;; : U;; x Spec k[e] —
Ui; x Speckle]. We glue the schemes U, x Spec k[e] along the open sets U;; x
Spec k[e] via these isomorphisms 6;; to obtain a scheme X' (see [Har77| Ex.
11.2.12).

Since the automorphisms 6;; don’t interfere with the projection onto Spec k[e]
we can glue these projections to get a map X — Speck[e]. Similarly, the
maps U; — X glue to a map X — & because each automorphism 6;; is
an automorphism of deformations, therefore it fixes the special fiber U;; —
Ui; x Speck[e]. This gives us the following diagram

X —— X

| |

Spec k —— Spec k|[e]

The map X — Speck[e] is flat because flatness is local on the domain and
locally this map is just the projection from a trivial family. Moreover, the map
X — Speckle] is proper because X — Speck is proper (since any morphism
from k[e] to a DVR kills € the implication is immediate).

Step 4: Invariance on the representative of the cohomology class

We would like to show now that the isomorphism class of the deformation
constructed from ¢ € H(X, Tx) is invariant with respect to the choice of a



representative in §. This requires first that we show invariance under refinements
of the cover we use for Check cohomology, which is easy, and then invariance for
two different representatives {d;;},{d;;} € {. Let X correspond to {d;;} and X"
correspond to {d;;}. We will show that these two deformations are isomorphic.
To do this, use the fact that {d;; — d;;} = {a; — a;} where a; € T'(U;, Tx). The
a;’s correspond to isomorphisms «; : U; X Spec k[e] — U; x Spec k[e] and these
a;’s glue to an isomorphism X — X”. O

Using Theorem together with Theorem [I.9] we have the following.

Corollary 1.10. If X is a smooth variety over k then its first order deformations
are in bijection with HY (X, Tx).
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If X is a smooth variety over k then we know that Defx (k[e]) ~ H*(X, Tx).
We will give a similar expression for the tangent space of the deformation functor
for any (integral) variety.

1 Background on extensions

The main reference for this section is Section II1.6 of [Har77].

Let X be a scheme over k and Mod(X) be the category of Ox-modules.
An object Z of Mod(X) is called injective if the functor Homx (—,7) is exact.
Recall that Mod(X) has enough injectives. This means that for any object
F € Mod(X) we can find an exact sequence (called an injective resolution of F):

0 F 70 7! 72

where Z" € Mod(X) is injective for all n > 0.

Fix G € Mod(X). We will define Ext (G, —) to be the i*" right derived
functor of Homx (G, —).

Using the resolution above Ext’ (G, F) is, by definition, the i** cohomology
of the following complex:

0 —— Homx(G,Z°) —— Homx(G,Z') —— Homx(G,Z%) —— ...

where Homx (G,Z") is considered to be the n'® term of the complex. Observe
that Ext% (G, F) = Homx (G, F).

If X is a scheme over k then Ext’ (G, F) has a natural k-vector space structure.
Indeed, in general the set of homomorphisms between two Ox-modules has the
natural structure of a I'(X, Ox)-module. Thus, so will their Ext.

1.1 Useful exercise

Exercise I11.6.1 in [Har77] gives a concrete description of Ext’ (G, F). An exact
sequence

£: 0 F H g 0

is called an extension of G by F. Two extensions are considered isomorphic if
there is an isomorphism of short exact sequences that is an equality on F and G.
There is a natural k-vector space structure on the set of isomorphism classes of
extensions. To get an idea on how this structure is defined see p.12-13 of [Ser06].

*TEX by Emre Sertéz. Please email suggestions or corrections to emresertoz@gmail.com



Using the extension & we get a long exact sequence:
0 + Homy (G, F) + Homx (G, H) + Homx (G,G) 3 Exty(G,F) > ...

Define [¢] := §(Idg) € Ext (G, F). This gives a bijection (and even a k-vector
space isomorphism) between isomorphism classes of extensions of G by F and
elements of Ext (G, F).

1.2 Ext sheaves

Let ##om(G, F) denote the hom-sheaf which is a Ox-module. Do not confuse
this with the I'(X, Ox)-module Homx (G, F).

The functor #om(G, —) gives a left-exact functor from Mod(X) to itself and
its i*"-right derived functor is denoted by &kt (G, —).

If X is a variety then there is a relation between the cohomology groups
of the sheaves &xt’y with the modules Ext%,. This relationship is given by a
spectral sequence called local-to-global Ext-sequence. In particular, it gives the
following exact sequence:

0 —— HY(X, #om(G, F)) —— Ext%(G,F) —— HY(X, &t5 (G, F)) 7

[» H2(X, #om(G, F)) —— Ext% (G, F)

See Huybrecths “Fourier-Mukari transforms in algebraic geometry” section 2.3 or
the Wikipedia page on the “Grothendieck spectral sequence” and the references
therein (also see the page on “Five term exact sequence”).

2 Main theorem

We are now in a position to state the main theorem we are aiming for.

Theorem 2.1. Let X be a variety over k (in particular X is integral). Then
Defx(k'[E]) o~ Eth(Qk, Ox)

Remember that Tx = #om(QL, Ox), therefore the first part of the local-to-
global Ext-sequence gives us

0 — HY(X,Tx) — Ext%(Q%,0x)

We proved that the first term parametrizes the first order locally trivial de-
formations of X. This injection corresponds to the inclusion of locally trivial
deformation functor into the deformation functor.

2.1 Preliminaries for the main theorem

We need two lemmas before we start proving the theorem next week. The first
gives a criterion for flatness over artinian local rings.



Remark. It is well known that a finite module over a local ring is flat iff it is
free. The following is a stronger result, eliminating the finiteness condition, for
Artinian rings. Furthermore, we give a simple criterion to check for flatness.

Lemma 2.2. Let A € Arty and let M be an A-module. Then M is flat iff
Tor{ (M, k) = 0.
Moreover, if M 1is flat then it is free.

Proof.

(=) If M is flat then for any ideal I C A we have Tor{ (M, A/I) = 0. In
particular for I = my.

(<= ) We are going to show that M is free and hence flat.

Consider the following exact sequence:

0 my A k 0 (1)

Let {x;} C M be such that the images of this subset forms a basis in M ® 4 k.
Using Nakayama’s lemma for nilpotent maximal ideals we conclude that {z;}
generate M.

Suppose there is a relation amongst {z;}, i.e. there exists {f;} C A such that
> fizi; = 0 (note that almost all terms have to be zero for the sum to make
sense). We wish to show that in fact all f; are zero. Since x; restrict to a basis on
M ® k, the f;’s must vanish under the map A — k. Therefore, for any relation
{f:}, each f; belongs to my. _

We are now going to show that if all relations belong to m’, then in fact all
relations belong to mf:'l. Since my4 is a nilpotent ideal, this means that there
are no non-zero relations amongst {z;} and that M is free with generators {z;}.

We established the base case j = 1 above. (If we take the obvious j = 0 to
be the base case then the induction step below will not work. Why?) Observe
that if all relations belong to m’; then {z;} restricts to a free basis of M/m?, M.

Take a relation {f;} C m’, and consider the natural map

ma @4 M — mA/mf:rl ® 4 /mi, M/mf4

If Y, fi ® x; = 0 then its image under this map must also be zero. But z; maps
to a free basis on M/m’; so this implies that the image of each f; in my /mf;rl

must be zero, hence f; € mf:'l. So we need only show that for any relation

>, Jizi = 0 the tensor ), f; ® x; is also zero.
To see this, tensor the equation with M over A. Using the fact that
Tor‘l4 (M, k) =0 we conclude mg ® 4 M — m4M is an isomorphism. O

The following lemma may be considered as a flatness criterion for “thickenings”
of deformations via principal small extensions.

Lemma 2.3. Suppose A — B € Arty is a principal small extension. Let
f:A— C be a morphism of k-algebras. The morphism f is flat iff the following
two conditions are satisfied:

e //:B—B®,C is flat
o ker(C > B®4C)~k®yC.



Proof.

(=) Flatness is preserved under base change. Hence, if f is flat so is
f'. Tensor the exact sequence 0 — k — A — B — 0 (treated as a sequence of
A-modules) with the flat A-module C' to get

00— k®4C — C —— B,C —— 0

This gives us the second condition.

( <= ) Now assume the two listed conditions are satisfied. The second of
the conditions imply that Tor’f‘(B ,C) =0 as the first map in the following exact
sequence is injective:

koC —— C —— B4 C —— 0

Now tensor the exact sequence 0 — mp — B — k — 0 seen as A-modules with
C:
mpR@pC —— B C —— k@, C —— 0

We could have viewed the exact sequence as B-modules and tensored with
B ®4 C instead, to get the same exact sequence. Since B® 4 C' is flat over B, the
map mp ®4 C — B®4 C is injective. Using the Tor-exact sequence we conclude
that Tor?(C, B) — Tor{(C, k) is surjective. But Tor{(C, B) ~ Tor(B,C) = 0
and hence Tor‘f‘(C’, k) = 0. Applying the previous lemma finishes the proof. [
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